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Abstract 

A detailed system dynamics model is essential for the design and calibration of the system controller. This paper 

introduces a control-oriented full dynamic model for the dog clutch engagement process that can be integrated with other 

system dynamic models found in ground vehicle transmission systems, such as the shifting mechanism system. This 

integrated model can be used later to design a position controller of the shifting mechanism's linkages to achieve a successful 

gearshift process. The engagement process is divided into four main stages, each of which has distinct dynamic behavior. The 

dynamics of each discrete stage are analyzed and modeled, and then, the discrete stages are integrated into one model using 

the hybrid automata modeling technique. Hybrid automata enables us to describe the continuous states within the discrete 

stages, which is better than continuous time techniques. The possible interactions between the sliding sleeve and the gear are 

analyzed and based on these interactions, the transition paths' conditions between these stages are established. The hybrid 

automata model comprises four discrete stages and ten guards that govern the transition between these stages. This model 

was simulated using Simulink State flow. Three cases are considered to verify the model, and the results showed that it could 

accurately capture the continuous system dynamics despite four discrete states. Furthermore, the transitions between the 

discrete states match the possible transition paths and guards. 

© 2023 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved 
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Nomenclature 

 ξ relative angular position 

ξ0 initial relative angular position 

Δω mismatch speed 
xs linear position of the sliding sleeve 

x0 axial gap 

v0 mean linear (axial) velocity 
xfed overlap distance 

Z teeth number 

r mean radius of the dog clutch   
ht tooth height 

ϕ angular pitch  

ϕt angular tooth thickness  
Φb angular backlash  

m mass of the shifting mechanism 

J inertia 
θ angular position  

k stiffness coefficient   

d  damping coefficient  
Fact actuator force 

Tc side (tangential) impact torque 

Fc front (axial) impact force 
HA hybrid automaton 

CA continuous time 

t time 

  

Subscripts 

g meshing gear (input side)  

s sliding sleeve (output side) 
s,i initial linear position  

s,f final linear position  

s,0 linear face impact position  

1.  Introduction  

Nonrenewable fuel shortages and environmental 

problems are becoming increasingly pressing global 

issues, leading the world to turn towards renewable energy 

sources[1, 2],  and clean, efficient system[3]. As a result, 

motor vehicles are receiving more attention for their 

efficiency and ability to adopt clean energy concepts, as 

nonrenewable fuels traditionally power them.  

Motor vehicles can be cleaner for the environment by 

improving engine efficiency or using alternative fuels. 

Mallouh [4] studied the usage of the fuel cell (FC) in 

rickshaws (three-wheeled vehicles) rather than 

conventional internal combustion engines (ICE), where 

these vehicles are widely common in the Asian urban 

environment. The significance of FC vehicles is the zero 

CO2 emissions compared to conventional ICE. Their study 
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used two configurations: low-power fuel cell (LP FC) and 

high-power fuel cell (HP FC). They claimed LP FC was 

better than the conventional model by 57% and 58%, 

respectively, in the daytime drive cycle. Liu[5]performed 

an experimental study on using alcoholic fuel instead of 

conventional gasoline. His study focused on methanol as 

an alcohol fuel, and the research goal was to study the 

formaldehyde emissions -unconventional emissions- where 

they tend to have a higher concentration in alcohol fuels. 

He found that among there methanol fuels studied, the 

combustion characteristics and combustion speed of M85 

methanol gasoline are similar to that of RON93 gasoline, 

so, this fuel can be used as fuel for ignition engines and 

has good energy-saving and environmental protection 

characteristics. 

Another key component that can improve the vehicle's 

efficiency is the vehicle transmission. The development of 

motor vehicles began with the introduction of internal 

combustion engines (ICEs) and the need for a multi-gear 

ratio transmission. The synchronizer's invention allowed a 

mechanism to shift between these different gear ratios. The 

synchronizer is studied by many researchers [6-8]. The 

synchronizer lasted for many decades as the gearshift 

mechanism, but the fuel shortage and the environmental 

issues caused the need for a more efficient system since 

the synchronizer employs friction for input-output speed 

synchronization and has a large mass. Dog teeth clutch has 

been replacing the synchromesh because it provides 

quicker shifting time, simpler structure, larger power 

transmitting capacity, and has lower cost[9, 10]. Also, It 

has excellent potential in ICE and electric vehicles (EV).  

The use of a friction-based mechanism to align the 

speeds of the input and output sides of the gearbox limits 

the lifespan of the synchronizer. However, the speed 

synchronization mechanism needs a long service life for 

heavy-duty- or commercial-vehicles. As a result, the 

synchronizer cannot be widely used in heavy-duty vehicles 

due to the limitations of materials strength and 

manufacturing technology[11, 12]. Automatized manual 

transmission (AMT) has been used in heavy-duty vehicles 

due to its great transmission torque, high transmission 

efficiency, and low manufacturing and maintenance 

costs[13, 14]. AMT employs the dog clutch as a shifting 

element, but as it is only a clutch and not a synchronizer, 

the problems of synchronization shall be studied, and 

many authors studied the gearshift process in AMT[15-

17]. Bóka[16] described an external synchronization 

strategy for a dog clutch in automatized mechanical 

transmission (AMT) for heavy-duty commercial vehicles. 

Later, Bóka[18] developed more the strategy. He used a 

dynamic modeling approach for system modeling and used 

the notion of engagement probability to find a certain 

successful gearshift region. In his work, he considered the 

initial angular relative position random in the interval 

[0,ϕ], which denotes one pitch period of the gear's tooth. 

Thus, he needed to develop a strategy that guarantees a 

successful gearshift despite the system uncertainty. He 

developed a dynamic model and, based on the initial 

mismatch speed, he developed a probability equation. 

During the face contact phase of the clutch engagement, a 

friction torque exists which reduces the mismatch speed. 

His model assumed that the teeth have infinite width and 

can contact until the mismatch speed vanishes. He defined 

the variation in the relative angular position φff, from the 

contact starting with face friction until the mismatch speed 

vanishes and observed that it depends on the initial 

mismatch speed. Then he defined the probability as the 

ratio (φff+ Φb)/ϕ with a maximum value of 1. For a given 

dog clutch geometry, he found that the engagement 

probability depends on the gear ratio. Further on, he found 

that if them is match speed is above a threshold, there is a 

certain successful gearshift. He validated the analytical 

probability calculation with experimental statistical study, 

and the analytical probability agreed with the experimental 

results. However, this concept of the available relative 

rotation, φff, is applicable only for the low mismatch speed 

region. 

Jasný[19] presented a multi-body simulation model in 

Adams software that is created to minimize the gearshift 

time based on the dogs' shape, and validated the simulation 

model using measurements of a prototype dog clutch. The 

prototype has positive tapers of the dog sides. In the 

experiments, high mismatch speeds up to 249 RPM are 

applied, and it showed that the gearshift time reduces with 

higher RPM and gearshift force. He applied a time-varying 

force profile in the simulation and considered different 

engagement cases. Among these cases, a successful 

gearshift without face impact case is used for this work 

validation. The prototype's geometry in[19]  is adapted to 

match the considered geometry in this work, as described 

in chapter 4 of this manuscript. 

In the case of electric vehicles, the battery range for an 

EV during city operation can be reduced by increasing the 

speed of the electric motor (EM) through a high 

transmission ratio to increase EM efficiency. Multi-speed 

battery electric vehicles (BEV) can be used for the 

reduction of electric consumption[20, 21] and the 

downsizing of the EM[22, 23]. EV employs clutch less 

AMTs where the friction cone is removed, and the speed 

synchronization is achieved by electric motor control [24-

27]. Eßer[28] analyzed the potential energy savings of 

different BEV concepts in urban driving. He used 

backward facing implementation of the longitudinal 

vehicle dynamics and found that "Two-Drive-

Transmission" (TDT) reduced electric consumption. Some 

researchers went further in improving the performance and 

efficiency of EV gearboxes. Zhang[29] performed contact 

mechanics analysis and optimization of the gear tooth 

shape's profile modification. Pan[30]studied the 

mechanical vibration caused by electromechanical 

coupling of alternating current (AC) Asynchronous Motor 

Drive System 

The dog clutch application faces problems regarding 

synchronization and gearshift control, which requires 

accurate dynamic modeling of the gearshift process to 

study the system thoroughly. 

This work shows that the dog clutch operation has four 

discrete and several continuous states. To model the 

behavior, continuous-time (CT) modeling techniques were 

used, but this requires modeling the discrete states' 

dynamics and the transition guards within one model, 

which has many drawbacks. The model complexity 

increases, as well as the simulation time, since unnecessary 

dynamics for various discrete states will be evaluated. 

After the dynamics of all states are evaluated, their effect 

on the continuous states is included only if a specific 
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condition is satisfied. In contrast, using hybrid automata 

(HA) techniques, the state dynamics and the transition 

guards are modeled separately, and only the current state 

dynamics are evaluated. 

HA theory is discussed in several literatures[31-34]. It 

consists of discrete states, a set of transition paths, and a 

set of guards, one for each path. Hybrid automata 

modeling is an efficient technique to model a dynamic 

system with several discrete states to capture its 

continuous variables' trajectories. It is widely used in 

dynamic modeling and control of vehicle powertrain and 

gear shifting. 

Fu[35], presented a scheme of hybrid modeling of an 

integrated motor-transmission powertrain used in electric 

vehicles to analyze its performance. He developed a motor 

automaton and a gearbox automaton that describe the 

hybrid property of subsystems presented. The gearbox and 

motor have several discrete states. HA model was created 

for the motor, gearbox, and the rest of the system. The 

model has three main stages: the first gear engaged, then 

disengaged, and finally, the second gear engaged. The 

model captured all possible actions during the vehicle 

operation. The simulation results showed the effectiveness 

of the proposed model for both upshift and downshift since 

it reflected precisely the profiles of torque and speed. Chen 

and Mitra[36] synthesized a controller for the meshing 

process of a Motor-Transmission Drive powertrain for 

electric vehicles with uncertain initial states. They verified 

the safety property concerning the continuous-time hybrid 

automata (CHA) model for the trajectory of the sleeve 

during the meshing process to guarantee that the meshing 

time is within a bounded time at every initial state. They 

used the CHA model to solve an optimal control problem, 

and the synthesized controller could reduce the meshing 

duration by 71.05% and reduce impact impulse by 85.72% 

compared to an existing controller. Lu[37] designed a 

control strategy for non-synchronizer electric-driven 

mechanical transmission (EMT). He developed a HA 

model for the gear shifting process and showed that the 

impacts could be avoided by achieving both zero relative 

rotational speed and zero angle differences between the 

sleeve and clutch gear. Simulations and bench tests were 

carried out to validate the control strategy, and the control 

strategy reduced the impacts and power-off time. 

Yuanfan[38] presented a non-synchronizer motor-
transmission drive system. He developed a HA model to 

describe the gear change process at each stage. Based on 

the dynamic characteristics of each stage, he developed a 

control strategy with active synchronization for both the 

rotational speed difference and relative angular speed 

between the sleeve and the meshing gear. The simulation 

and experimental validation showed that the developed 

model can simulate the actual process, and the results 

showed that this control strategy provides a fast and 

impact-free gearshift while the power interruption time 

was reduced to 350 ms. 

According to the literature review, dynamic models are 

necessary for studying and designing controllers for dog 

clutches. Experimental test rigs, similar to those described 

in [39, 40], are also necessary for calibrating and 

validating these dynamic models. Our work focuses on the 

dynamic modeling of the dog clutch engagement process 

to create a control-oriented standard dynamic model. This 

model can be easily integrated with other dynamic models 

in the vehicle's transmission and used for controller design 

and calibration of the gearshift process. To develop such a 

dynamic model, it is essential to understand the system and 

the possible interactions between system components and 

the conditions for impact detection. Therefore, this work 

aims to: 

1. Describe the dynamic engagement process of the dog 

clutch. 

2. Introduce the main engagement process stages. 

3. Establish the possible transition paths between the 

discrete stages and the transition conditions for each 

path. 

4. Describe the dynamics of each stage and introduce the 

impact models. 

5. Introduce the Hybrid automata model to describe the 

states' continuous dynamics based on the discrete 

stages and the transition guards. 

2. Dog clutch geometric model 

2.1. Dog clutch  

A dog clutch is a coupling used to transmit power. It 

consists of two parts having complementary geometry. 

These complementary shapes are referred to as dog teeth. 

Teeth can be present either on the circumference of a 

cylinder (radial clutch or spline clutch) or on the circular 

surface of the cylinder (axial clutch or face clutch). Radial 

dog teeth clutches are traditionally used for power 

transmission in automotive gearboxes (cars, trucks, buses), 

as a part of the synchronizer. Axial dog teeth clutches are 

traditionally used for power transmission in motorbike 

gearboxes, where the torque is much less than in a truck 

case. In this study, axial dog teeth clutches are considered. 

However, the described method can be applied 

independently of the place of the geometry.  

Let us consider a dog teeth clutch composed of an 

axially moving part called a sliding sleeve and an axially 

fixed but rotating part called the meshing gear. The 

coupling is realized by the axial motion of the sliding 

sleeve(Figure 1). 

 
Figure 1. Face dog clutch 

The main geometry parameters are presented in Table 

1. The dog geometry is shown in Figure 2. At the 

beginning of the shifting, the sliding sleeve (s) and the 

meshing gear (g) have an axial gap x0 and initial relative 

angular position ξ0 between the marked red teeth. The 

sliding sleeve can slide axially while it has relative angular 

rotation with respect to the target gear. The relative 

angular rotation is called the mismatch speed Δω. The 

engagement of the complementary geometries is eased 

with an angular backlash Φb. 
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Table 1. Dog clutch shiftability parameters 

Parameter Unit Parameter Unit 

ξ [o] 𝑥0 [mm] 

Z [-] 𝑥𝑓𝑒𝑑 [mm] 

Fact [N] 
Φ𝑏 

[o] 

𝛥𝜔 

 

[rad] 

([min-1]) 

  

The axial dog clutch has an angular pitch ϕ given by 

Eq. (1) and an angular backlash given according to Eq. (2), 

where ϕt is the tooth thickness angle: 

𝜙 =
2𝜋

𝑧
 (1) 

Φ𝑏 = 𝜙 − 2𝜙𝑡 
(2) 

 
Figure 2. Dog clutch geometry 

The angular relative position ξ between the sliding 

sleeve and the meshing gear is defined according to Eq. 

(3): 

𝜉 = 𝜃𝑔 − 𝜃𝑠 (3) 

During the engagement process, a tooth on the gear can 

pass many teeth on the sliding sleeve, so that, a dotted 

orange line is used in Figure 3c, d, and f to indicate that 

many teeth are included in this area. The value of ξ can be 

much larger than ϕ, so, it should be transferred to the first 

cycle (or between [-ϕ, ϕ]) according to Eq. (4).Here ,ξ' is 

the relative position in the first cycle and measured 

between the red-marked edge on the meshing gear and 

green-marked edge on the sliding sleeve shown in Figure 

3b. Also, the same angular position reference can be seen 

in Figure 3d as 3D view, where the red and green edges 

are seen as red and green faces, respectively. 

𝜉′ = 𝑚𝑜𝑑(𝜉, 𝜙) (4) 

ξ' can have negative values, and it is more appropriate 

for some analysis cases to transfer it to the positive first 

cycle or in the interval [0, ϕ].This can be achieved 

according to Eq. (5). 

𝜉′+ = 𝜉′ +
1 − 𝑠𝑖𝑔𝑛(𝜉′)

2
𝜙 (5) 

The term ((1-sign(ξ'))/2) guarantees that ξ' is 

transferred to the positive first cycle only when it is 

negative. The mismatch speed is defined according to Eq. 

(6): 

Δω = 𝜃̇𝑔 − 𝜃̇𝑠 (6) 

3. Modeling of the engagement process  

The dog clutch passes several stages during the 

gearshift process. The following figures illustrate the 

engagement stages, and the sliding sleeve and the meshing 

gear interaction possibilities are discussed. Then, the 

impact model is presented. Afterward, a HA model for the 

engagement process is presented. 

3.1. Presentation of the engagement process 

The engagement process can be divided into four main 

stages, 1) free fly axial motion, 2) axial (face) impact 

stage, 3) tangential (side) impact stage, and 4) full 

engagement stage. 

Between the sliding sleeve and the meshing gear, there 

exists a mismatch speed Δω0 and an axial gap x0 (Figure 

3a). Also, an initial angular relative position ξ0 exists 

between the red-marked edges in Figure 3a, or between the 

red-marked faces in Figure 3b. The engagement of the dog 

clutch is realized by the axial motion of the sliding sleeve. 

At the beginning of the shifting at t0(Figure 3a), the 

constant actuator force Fact moves the sliding sleeve 

axially until the axial gap is removed at t1. During this 

time, the dog clutch parts rotate relative to each other, and 

the relative angular position changes from ξ0 to ξ1, as seen 

in Figure 3c and Figure 3d. 

At the beginning of stage 2, the sleeve and gear teeth 

meet at the face impact position x0 (or xs,0), and a face (or 

axial impact) occurs between the sliding sleeve and the 

meshing gear sleeve teeth' as shown in Figure 3c. This 

impact is accompanied by face friction which reduces the 

mismatch speed, as seen from Δω curve in Figure 4, stage 

2. The sliding sleeve can continue moving axially, or it 

may stop for a period as the curve for xs (Figure 4).The 

face impact is possible to occur until the overlap xfed 

distance is covered at t2 (Figure 3e). We suppose that if a 

tooth on the sliding sleeve can overlap a tooth on the 

meshing gear sleeve, the sliding sleeve will not bounce 

back, and a successful engagement is guaranteed. This 

distance is called overlap and noted xfed. While reaching 

the overlap, a relative rotation between the dog clutch and 

the target gear occurs, and the relative angular position 

changes from ξ1 to ξ2. 

At stage 3, the sliding sleeve moves axially until it 

covers the full tooth height, at x0+ht(or x0,f), in the axial 

direction, (Figure 3f). During this stage, the Δω curve in 

Figure 4 shows the mismatch speed alternating around 

zero until it is reduced to zero. This speed synchronization 

results from the several side (or tangential) impacts 

between the sliding sleeve and the meshing gear sleeve 

teeth's sides.  

Stage 4 ends the gearshift process, where the mismatch 

speed is synchronized, and the sliding sleeve reaches the 

final axial position x0+ht. 

At the end of stage 1, the sliding sleeve can continue to 

stage 2 and freely pass through without impacting the 

sleeve, Figure 5a, or firstly, it impacts the meshing gear 

sleeve, Figure 5b and c.  

If the impact happens, contact occurs between the gear 

and sleeve teeth, which initiates bounce back and friction 

forces. The sliding sleeve can bounce back or stick to the 

gear. The bounce back or stick behavior depends on the 

contact model parameters, i.e., whether the system is 

under- or over-damped. The sleeve can impact the gear 
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and stop moving, then continues the axial motion when the 

next gap on the meshing gear is reached(Figure 5b). 

Moreover, a tooth on the sliding sleeve can impact many 

teeth on the meshing gear before it can continue the axial 

motion (Figure 5c). These impacts cause friction between 

the sleeve and the gear' faces that reduce the mismatch 

speed and make the engagement possible. Finally, a tooth 

on the sliding sleeve can keep impacting each passing 

tooth on the meshing gear, but it cannot pass through. This 

happens if the mismatch speed is very large, and the 

applied actuator force is not large enough to move the 

sleeve and cover the overlap distance before the next tooth 

on the gear is reached.  

 
a)        b) 

 

 
c)   d) 

 
e)    f) 

Figure 3. Schematics of dog clutch engagement stages at the 

beginning of: stage 1 in a) 2D and b) in 3D, stage 2 in c) 2D and 

d) in 3D, e) stage 3, and f) stage 4 

 

Figure 4. Dynamics of dog clutch engagement 

 
a) 

 
b)   `   c) 

Figure 5. Possible sliding sleeve and the gear interactions 

The condition to have a free impact engagement 

process can be developed for four different configurations 

based on the sign of the mismatch speed and the relative 

position, as shown in Fig. 6.  
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a)   b) 

 

c)                      d) 
Figure 6. Free face impact engagement possible cases: a) Δω0>0 

and ξ1'>0,b) Δω0<0 and ξ1'>0,c) Δω0>0 and ξ1' <0,d) Δω0<0 and 
ξ1' <0 

The time to cover the overlap distance t21 is short, so 

the mismatch speed is assumed to be constant during this 

time since the gearbox losses can be ignored. Based on this 

assumption, the four conditions can be derived. In Fig. 6a, 

after the sleeve covers the axial gap, it has to cover the 

overlap distance before the next tooth on the meshing gear 

sleeve is reached. In other words, ξ1'plus the relative 

position change during the overlap distance coverage 

(Δω1·t21) should be less than the backlash Φb. According to 

this analogy, Eq. (7) can be derived. With the same 

analogy and with the aid of Fig. 6b-c, Eq. (8)-(10) can be 

derived respectively. 

𝜉1
′ ≤ Φ𝑏 − Δω1 ∙ 𝑡21,     Δω1 ≥ 0 ∧ 𝜉1

′  ≥ 0 (7) 

𝜉1
′ ≥ −Δω1 ∙ 𝑡21,     Δω1 ≤ 0 ∧  𝜉1

′  ≥ 0 (8) 

𝜉1
′ ≤ −(𝜙 − Φ𝑏) − Δω1 ∙ 𝑡21,     Δω1 ≥ 0 ∧  𝜉1

′  ≤ 0 (9) 

𝜉1
′ ≥ −𝜙 − Δω1 ∙ 𝑡21,     Δω1 ≤ 0 ∧ 𝜉1

′  ≤ 0 (10) 

𝑡21 = √
𝑚 ∙ 𝑥𝑓𝑒𝑑

𝐹𝑎𝑐𝑡
 (11) 

Eq. (9) and (10) can be transformed to Eq. (7) and (8), 

respectively, by transforming all angles to the positive first 

cycle using Eq. (5). The four conditions are now reduced 

to only two, Eq. (12) and (13). This simplification is 

important for building the HA model.  

𝜉1
′+ ≤ (Φ𝑏 − Δω1𝑡21)  ∧ Δω1 ≥ 0 (12) 

𝜉1
′+ ≥ −Δω1𝑡21 ∧ Δω1 < 0 (13) 

For a given dog clutch geometry, the interaction 

possibilities between the gear and sleeve depend mainly on 

the initial relative position, the initial mismatch speed (or 

the mismatch speed at the end of the free fly stage), and 

the actuator force. 

3.2. Impact model 

The impact between two bodies is described using 

different models, such as the coefficient of restitution or 

the spring-damper model[41]. The latter is widely used in 

the literature[42, 43] and is employed here. Let's consider 

two moving blocks, as in Figure 7a, and then they impact, 

as in Figure 7b.  

 
a)                    b)         c) 

Figure 7. Spring-damper impact model 

During impact, the blocks are considered rigid, and a 

spring and a damper are assumed between them, as in 

Figure 7c. The contact force is given according to Eq.(14), 

where k is the spring constant and d is the damping 

coefficient. Assuming the contact force only acts on the 

blocks, the force balance for blocks 1 and 2 are given 

according to Eq.(15) and Eq.(16), respectively. In case of 

impact in rotational motion, equations of similar structure 

can be used. 

𝐹𝑐 = 𝑘(𝑥1 − 𝑥2) + 𝑑(𝑣1 − 𝑣2) (14) 

𝑚𝑥̈1 = −𝐹𝑐 (15) 

𝑚𝑥̈2 = 𝐹𝑐  (16) 

Once the impact forces (or torques) are known, it is 

important to find system-related conditions that detect a 

potential impact. Therefore, it is necessary to understand 

the behavior of the system and the possible interactions 

between its components. In what follows, we aim to 

identify the interactions between the gear and the sliding 

sleeve and establish the conditions for these interactions to 

occur. This is one of the main contributions of this work, 

since the limit conditions are essential to integrate the 

discrete states into one model. 

The nature of the face impact depends on the sign of 

the initial relative position ξ' at the end of stage 1,while the 

side impact depends on both the sign of the relative 

position ξ' and the mismatch speed. 

Firstly, l et's consider the axial impact. Figure 8 

illustrates the axial impact cases. When the relative 

positionis positive, the impact configuration is shown in 

Figure 8a. The impact happens between the black-marked 

teeth if the relative position ξ' is between Φb and ϕ. 

However, Figure 8b shows that when the relative position 

is negative, the impact happens when ξ' is between -2ϕt(or 

-( ϕ - Φb)) and 0. These two conditions are summarized in 

Eq.(17) and (18). Eq. (18)can be transformed to Eq. (17)by 

expressing it in the positive first cycle, so, only one 

condition is required. This transformation is necessary for 

building the HA model. The impact force is given 

according to Eq.(19): 

Φ𝑏 ≤ 𝜉
′ ≤ 𝜙,   (17) 

−(𝜙 −Φ𝑏) ≤ 𝜉
′ ≤ 0 (18) 

𝐹𝑐 = {
𝑘(𝑥 − 𝑥0) + 𝑑𝑥̇𝑠, Φ𝑏 ≤ 𝜉

′+ ≤ 𝜙
0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 (19) 
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a)                         b) 

Figure 8. Possible face impact configurations 

Now let's consider the side impact cases shown in 

Figure 9. Firstly, consider the case when the mismatch 

speed and the initial relative position are both positive, as 

shown in Figure 9a. The impact happens when the relative 

position ξ' is larger than the backlash Φb. If the relative 

position is negative, there are two possible impact 

possibilities. firstly, when the mismatch speed is positive, 

case I in Figure 9b shows that the impact occurs if the 

relative position is between -2ϕt (or -( ϕ - Φb)) and 0. If the 

mismatch speed is negative, case II in Figure 9b shows 

that the impact happens when the relative position reaches 

zero. According to these conditions, the impact model is 

given according to Eq. (20). 

𝑇𝑐 =

{
 

 
𝑘𝑡(𝜉′ − Φ𝑏) + 𝑑𝑡Δω , 𝜎1

𝑘𝑡(𝜉′ − ( 𝜙 − Φ𝑏)) + 𝑑𝑡Δω , 𝜎2
−𝑘𝑡𝜉′ + 𝑑𝑡Δω , 𝜎3

0 , 𝜎4

 

𝜎1 = Φ𝑏 ≤ 𝜉
′ ≤ 𝜙 ∧  Δω ≥ 0                                 

𝜎2 = −(𝜙 − Φ𝑏) ≤ 𝜉
′ ≤ 0 ∧  Δω ≥ 0               

𝜎3 = −(𝜙 − Φ𝑏) ≤ 𝜉
′ ≤ 0 ∧  Δω ≤ 0               

𝜎4 = −𝜙 ≤ 𝜉′ ≤ −(𝜙 − Φ𝑏)  ∧  0 ≤ 𝜉′ ≤ Φ𝑏

 

(20) 

This model should be simplified to simplify the HA 

model. Figure 9a shows a possible side impact if the ξ 'is 

between Φb and ϕ. Also, Figure 9b shows that there is a 

side impact if the ξ 'is between -( ϕ - Φb) and 0. According 

to this, the side impact model is simplified according to 

Eq. (21).  

Here, ξ’0 refers to the angular position at the begging of 

the impact, so, ξ0 can be -( ϕ - Φb), orΦb for ∆ω0>0, and0 

for ∆ω0<0. 

𝑇𝑐 = {
𝑘𝑡(𝜉

′ − 𝜉0) + 𝑑𝑡Δω 𝜎1
0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 (21) 

𝜎1 = Φ𝑏 ≤ 𝜉
′ ≤ 𝜙 ∨ −(𝜙 − Φ𝑏) ≤ 𝜉

′ ≤ 0    

 

a)    b) 

Figure 9. Possible side impact configurations 

3.3. Hybrid Automaton Model 

Sections 3.1 and 3.2 introduced the main stages of the 

engagement process and impact models for both face and 

side impacts. There are four discrete states in the 

engagement process, but they can be integrated into a 

continuous hybrid automaton (HA) model to track the 

trajectory of the sleeve and gear during the engagement 

process.  

Hybrid systems are digital real-time systems embedded 

in analog environments. One example of a hybrid system 

is a digital embedded control program for an analog plant 

environment, like a furnace or an airplane. The controller 

state moves discretely between control modes, and in each 

control mode, the plant state evolves continuously 

according to physical laws. These systems combine 

discrete and continuous dynamics [32]. Many mechanical 

systems are hybrid systems, such as a falling or bouncing 

ball. During the falling state, the dynamic behavior is 

governed by gravity and air resistance forces, while once 

the ball reaches the ground, impact forces become 

dominant. By combining these two discrete states in one 

analog environment, we can track the trajectories behavior 

of the bouncing ball- or the x- and y-position of the ball. 

In what follows, we aim to formulate the dog clutch 

system in the HA system mathematically. A hybrid 

automaton H is a tuple of the form⟨ Loc, Edge, X, Init, Inv, 

Flow, Jump⟩[32]. Here: 

 Loc is a finite set [l1, l1, . . . ln] of discrete locations. 

The dog clutch system has four discrete states, (l1, l2, l3, 

l4), where l1refers to the free fly state, l2 to the face 

impact state, l3 to the side impact state, and l4 for the 

full engagement state. 

 Edge is a finite set of labeled edges representing the 

discrete changes of system behavior's mode in the 

hybrid system. The transition between two different 

states li and lj, when (i≠j) along these edges, or paths, is 

governed by a guard (g) accompanying each path, and 

these paths and guards usually have the same names. 

Based on the possible interaction between the gear and 

the sliding sleeve described in sections 3.1 and 3.2, we 

developed our system paths and their guard, 

summarized in Table 2. Our system has a set of ten 

edges [g1, g2, g3, g4, g5, g6, g7, g8, g9, g10]. The discrete 

states (l1, l2, l3, l4) are integrated using these ten edges 

according to Figure 10. 

 X is a finite set [x1, x1, . . .,xm] of real-valued variables. 

We use𝑋̇ for the set of dotted variables [𝑥̇1, 𝑥̇1, . . 

.,𝑥̇𝑚], which represent the first derivatives of the 

variables during continuous evolutions (inside a 

discrete state). The system has two components: the 

meshing gear, which has only angular motion with the 

continuous state 𝜃𝑔, and the sliding sleeve, which has 

angular and linear motions with continuous states 

(𝜃𝑠, 𝑥𝑠). From this, the continuous states of the model 

isX= (𝜃𝑔, 𝜃𝑠 , 𝑥𝑠) and their derivatives are 𝑿̇= 

(𝜃̇𝑔, 𝜃̇𝑠, 𝑥̇𝑠). 
 Init, Inv, Flow are functions that assign three predicates 

to each location. Init(l) is a predicate whose free 

variables are a subset ofX which states the possible 

values for those variables when the hybrid system starts 

from location l. Inv(l) is a predicate whose free 

variables are from X and it constrains the possible 

valuations for those variables when the hybrid system 
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is in location l. Flow(l) is a predicate whose free 

variables are from X ∪𝑿̇, which states the possible 

continuous evolutions when the hybrid system is in 

location l. For the states l1, l2, and l3 there are no 

restriction on the continuous states so Flow(l1, l2, l3) is 

[𝜃𝑔, 𝜃𝑠, 𝑥𝑠 , 𝜃̇𝑔, 𝜃̇𝑠, 𝑥̇𝑠], while Inv(l1, l2, l3) is [ ], the 

empty set. However, some researchers such as[35] use 

the invariant ig=0- or zero gear ratio- to indicate that the 

input (gear) and the output (sleeve) are disconnected, 

which is the case for l1, l2, and l3. For l4, the dog clutch 

reaches full engagement, where there is no further 

change in the linear position, and the angular speeds are 

synchronized or equal. From this, Inv(l4) is 

[𝜃𝑔, 𝑥𝑠 , 𝜃̇𝑔, 𝑥̇𝑠], where the gear angular position and 

speed are restricted by the sliding sleeve angular 

position and speed, respectively. Further on, Flow(l4) is 

[𝜃𝑠, 𝜃̇𝑠]. 

Figure 10. Hybrid automaton model diagram 

After the discrete states and transition paths with their 

guards have been identified, it is essential to describe the 

dynamics within each discrete state. Here, the output side 

(sleeve) inertia is considered much larger than the input 

side (gear) inertia to simulate real-world vehicles. 

Table 2. Invariants and guards 

Invariants set Guards  

𝐼1 ≜ {𝒙|𝑖𝑔 = 0 

 

 

 
 

 

 

𝐼2 ≜ {𝒙| 𝑖𝑔 = 0 

 

 

 
 

 

 
 

𝐼3 ≜ {𝒙| 𝑖𝑔 = 0  

 

 
 

 

𝐼4 ≜ {𝒙| 𝜔𝑠 = 𝜔𝑔  ∧  𝑥𝑠 =

𝑥0 + ℎ𝑡  

𝑔1 ≜ 𝑥0 ≤ 𝑥𝑠 ≤ 𝑥0 + 𝑥𝑓𝑒𝑑 ∧ Φ𝑏 ≤

𝜉′+ ≤ 𝜙  
𝑔2: Eq. (12) ∧ 𝑥0 ≤ 𝑥𝑠 ≤ 𝑥0 + 𝑥𝑓𝑒𝑑 

𝑔3: Eq. (13) ∧ 𝑥0 ≤ 𝑥𝑠 ≤ 𝑥0 + 𝑥𝑓𝑒𝑑 

 
 
𝑔4 ≜ 𝑥𝑠 ≥ 𝑥0 + 𝑥𝑓𝑒𝑑 ∧ Φ𝑏 ≤ 𝜉

′ ≤

𝜙 ∧  Δω ≥ 0   
𝑔5 ≜ 𝑥𝑠 ≥ 𝑥0 + 𝑥𝑓𝑒𝑑 ∧ −(𝜙 −

 Φ𝑏) ≤ 𝜉
′ ≤ 0 ∧  Δω ≤ 0   

𝑔6 ≜ 0 ≤ 𝜉′+ ≤ Φ𝑏 
𝑔8 ≜ 𝑥𝑠 ≤ 𝑥0 
 
 
𝑔7 ≜ 0 ≤ 𝜉′+ ≤ Φ𝑏  
𝑔9 ≜ 𝑥𝑠 ≤ 𝑥0 + 𝑥𝑓𝑒𝑑 ∧ Φ𝑏 ≤ 𝜉

′+ ≤ 𝜙  
𝑔10 ≜ 𝑥𝑠 ≥ 𝑥0 + ℎ𝑡 ∧ Δω = 0  
 
 

 

 

During the free fly state, the actuator force alone acts 

on the sleeve, and the gearbox losses are ignored, so there 

are no acting torques. According to the forces and torque 

balance, the dynamics of the sleeve and gearinsidel1 are 

described according to Eq. (22)-(24): 

𝑚𝑥̈𝑠 = 𝐹𝑎𝑐𝑡 (22) 

𝐽𝜃̈𝑠 = 0 (23) 

𝐽𝜃̈𝑔 = 0 (24) 

A back-end stop is included in this state dynamic to 

stop the sliding sleeve if it bounces back a distance larger 

than the axial gap. 

During the face impact state, the actuator force keeps 

acting on the sleeve. Moreover, there is a contact force, 

and friction torque between the teeth' faces. Thus, the 

dynamics during l2are described according to Eq. (25) - 

(27): 

𝑚𝑥̈𝑠 = 𝐹𝑎𝑐𝑡 − 𝐹𝑐 (25) 

𝐽𝜃̈𝑠 = 𝜇𝑟(𝐹𝑐 − 𝐹𝑎𝑐𝑡)𝑠𝑖𝑔𝑛(Δ𝜔) (26) 

𝐽𝜃̈𝑔 = −𝜇𝑟(𝐹𝑐 − 𝐹𝑎𝑐𝑡)𝑠𝑖𝑔𝑛(Δ𝜔) (27) 

During the side impact state, the actuator force only 

acts on the sliding sleeve, and a contact torque is present 

between the gear and the sleeve teeth' sides. Thus, the 

dynamics during l3are described according to Eq. (28) - 

(30): 

𝑚𝑥̈𝑠 = 𝐹𝑎𝑐𝑡 (28) 

𝐽𝜃̈𝑠 = 𝑇𝑐 (29) 

𝐽𝜃̈𝑔 = −𝑇𝑐 (30) 

A front-end stop is included in this state dynamic to 

stop the sliding sleeve when it reaches the final axial 

position. 

4. Model Validation 

Our developed dynamic model has been validated with 

two published works. Firstly it is validated with Bóka's 

work[18] at a low mismatch speed and according to the 

AMT parameters listed in[40] at the first gear. Figure 11 

shows that the present model probability values agree with 

Bóka's analytical results and agree with the experimental 

statistic validation. 

 
Figure 11. Model validation with Bóka[18] 

Secondly, Jasný[19] performed multi-body simulation 

using MSC ADAMS and built an optimized model based 

on experimental results. One of the cases he considered is 

a successful gearshift without face impact, which is 

employed for validation. However, he used 5o chamfered 

tooth side geometry and no backlash between the teeth. 

This work considers tooth geometry with no chamfers and 

with backlash, so Jasný's geometry has been adapted to 

this work. 

The 5o chamfer is equivalentto10o backlash at the teeth 

tip, so, the teeth are considered flat with 10o backlash. This 

will not alter the results since we consider a free face-

contact case. The other geometry parameters are kept the 
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same. The same initial conditions and the force time-

varying profile are applied to the present model. 

Figure 12 shows that the present model and Jasný's 

have identical position trajectories even though there is a 

time-varying force profile. Also, the model could 

successfully detect the face impact locations, so the 

present model has a free face impact gearshift process. The 

multi-body results and the simulation differ at the end 

position due to the difference in contact model definition.  

 
Figure 12. Model Validation with Jasný[19],ξ0=0o, and 
Δω0=50 RPM 

5. Simulation Results 

The developed HA model is simulated on Simulink 

state flow machine,usingode23tb solver with an absolute 

tolerance of 10-9[44]. The simulation parameters are 

summarized in Table 3. The impact model parameters k 

and d are chosen sothe system is over-damped. 

Table 3. Simulation parameters 

Parameters  Value Parameters  Value 

Z 10 [-] Φb 5o
 

x0 10 mm xfed 0.5 mm 

ht 5 mm r 47.3 mm 

k 3 ×109 Nm d 

 

3 ×105 Ns/m 

m 6 kg Jg 0.2 kgm2 

Fact 150 N μ 0.1 [-] 

Figure 13 shows the dynamic response for the system 

simulated by the developed HA model. The developed 

model could capture all the dynamic characteristics during 

all four stages. The curve for xs shows that the sliding 

sleeve freely moves during stage 1, and neither axial 

impact force spikes nor side impact torque spikes appear 

on the curve for Fc or Tc before 0.02s, respectively. 

Moreover, the mismatch speed stays unchanged since the 

gearbox losses are not described. This agrees with the 

dynamics described in l1. At 0.02s, the sleeve is at xs,0 

positions, so the system enters stage 2, as the stage curve 

in Figure 13shows. 

Moreover, the guard g1is satisfied as the curve for g 

shows, so the dynamics shifts from l1 to l2. Here a 

distinction must be made between the dynamics li and the 

stages. The l1 dynamics can happen both in stages 2 and 3. 

If the system is in stage 2 and a tooth on the sleeve meets 

the tangential gap (or backlash) on the gear, there is no 

face impact, and the dynamics are described according to 

l1 and not according to l2.  

 

Figure 13.  Case 1: HA model simulation for successful 

engagement case with face impact 

The same applies to stage 4; when a tooth on the sleeve 

moves within the backlash region in the gear, there is no 

side impact, and the dynamics are described according to 

l1. Stage 2 starts, and axial impact force spikes appear, but 

no side impact torque spikes appear. Moreover, the 

mismatch speed decreases due to the teeth's face friction 

which agrees with the dynamics in l2. The sliding sleeve 

stops due to the face impact and then continues to move at 
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0.128s, when g goes from 1 to 6 and l goes from 2 to 1 

since the sleeve flies freely.  

The sleeve continues the motion until it passes the 

overlap distance (green dashed line) at 0.133swhere stage 

3 starts as the stage curve shows. However, the system 

enters l3 at 0.144s when g2 is satisfied, as the curve for l 

and g shows; even though the sleeve passed the overlap 

distance, it is still moving within the backlash region, so, 

the sleeve still flies freely and the system remained in l1 

untilg2 is satisfied and the system goes intol3. In stage 3, 

the face impact force spikes disappear, and the side impact 

torque spikes start to appear. Moreover, the mismatch 

speed is synchronized due to the side impacts.  

The system remains inl3 for a short time due to the 

short impact time and then moves backtol1 wheng7 is 

satisfied. Then, a following side impact happens at0.19s, 

wheng3 is satisfied, and the system moves to l3. These side 

impacts are clear from the mismatch speed Δω curve when 

there is a sudden change in 𝛥𝜔. 

At 0.32s, a third side impact occurs, then the mismatch 

speed is synchronized, and since the sliding sleeve has 

already reached its final position, the system enters stage 

4. 

 

Figure 14. Case 2:  HA model simulation for successful 

engagement case without face impact 

Figure 14 shows a case for successful engagement but 

without face impact. The system has been simulated with 

𝛥𝜔0 of 500 RPM. The curve for g shows that g goes from 

0 to 2, so that, l goes directly from 1 to 3. This agrees with 

the xs curve, which shows that the sleeve was flying freely 

until it reached its final position xs,f at 15 mm without 

being stopped by the face impact. At 0.025s, the sleeve 

passes the overlap distance at 10.5mm, and the system 

enters stage 3. Then, g2 is satisfied at 0.026s and the 

system shift from l1 to l3, where the first side impact 

happens, as clearly seen from the sudden change in the 

mismatch speed curve at this time. The system stays for a 

short time at l3then it moves back tol1 wheng7 is satisfied. 

The gear and sleeve go into several side impacts, and the 

system goes between l1 and l3. Afterward, the system shifts 

to stage 4 at 0.15s when𝛥𝜔 is synchronized, andg10 is 

satisfied,  

In Figure 13 and Figure 14, the contact model 

parameters are set to bean overdamped system, so the 

sleeve does not bounce back at the face impact position or 

when it reaches its final position. However, in Figure 15, 

the contact model parameters are set to be an underdamped 

system, where the damping is reduced to 3×102Ns/m. The 

system was simulated with the same parameters as in 

Figure 14, except for the damping. So, Figure 14 and 

Figure 15have the same response before 0.026s. However, 

when the sleeve reaches its final position in Figure 15, it 

bounces back due to the end stop, where a face impact 

occurs, and the sleeve bounces back because the system is 

underdamped. At 0.035s, the sleeve bounces back beyond 

the impact positionxs,0, 10 mm, before the actuator can 

move forward again. At 0.076s, the sleeve reaches the 

impact position again when g goes from 7 to 1, then 

bounces back several times where g goes between 1 and 8, 

while l goes between 1 and 2. When g is 1 and l is 2, the 

system response has spikes, as seen from g and l curves, 

since the impact time is very short. After several attempts, 

the sleeve could pass stage 1 to stage 3 directly at0.25s, 

when g changes from 8 to 2 and l from 1 to 3, but it 

bounces back again at its final position xs,f several times. 

After this time, several side impacts occur, as seen from g 

and l curves where they alternate between 2, or 3 and 7, 

and between 1 and 3, respectively but the mismatch speed 

is not synchronized. Even though the sleeve reached its 

final position, the system did not enter stage 4, as g and l 

did not reach 10 and 4, respectively. The sleeve did not 

stay at the final position and the mismatch speed is not 

synchronized. 

 

Figure 15. Case 3: HA model simulation for unsuccessful 

engagement case with underdamped contact 
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6. Conclusion  

In this work, HA technique is employed to overcome 

the drawbacks of CT technique. HA model is formed to 

describe the dog clutch dynamics during the gearshift 

process. The role of HA is to integrate the dynamics of the 

discrete state into one analog model to capture the 

continuous system's dynamics. 

Three gearshift cases are considered to verify the HA 

model, and Simulink simulation showed that the HA 

model could capture the continuous states' dynamics inside 

each discrete state and the state transition and dynamics 

behavior agrees with the formed HA model. This is clearly 

seen in the agreement of l with g curves from one side and 

the agreement of position, and mismatch speed trajectories 

with l curve from another side  

Currently, a test rig prototype for sequential 

transmission is being built at our department. In future 

research, another dynamic model describing the whole test 

rig is developed to estimate the unknown system 

parameters based on the measurements, then, the 

calibrated dynamic model will be validated. Later, this HA 

model will be integrated with a shifting mechanism model 

to design a controller for the shifting mechanism's actuator 

to guarantee a successful gearshift process without face 

impact. 
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