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Abstract 

This study investigates an application of the wavelet transform to identify the characteristics of a nonlinear system of an 

elastically supported cylinder in cross-flow under uniform airflow. The envelope of the time response and instantaneous 

frequency is extracted using the wavelet transform to identify the nonlinear characteristics of the system. Responses within 

the range of the lock-in and nonlinear jump phenomena were investigated. Flow-induced vibration in a cylinder supported by 

two beams shows that the wavelet transform can identify the lock-in phenomena in both forward-sweep and backwards-

sweep experiments. The study shown that the vibration phenomenon caused by a flow in a beam supported cylinder medium 

with forward-sweep and backwards-sweep does not affect the damping characteristic due to the stiffness. The result will be 

beneficial in controlling vibration effect. 

© 2024 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved 
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1. Introduction  

Vibrations induced by a structure flow are dynamically 

interacting systems that incorporate forces on the structure 

caused by the surrounding fluid. The fluid forces could 

deform the structure. It is called vibration because of the 

flow or vibration induced by the flow. Flow-induced 

structural vibrations have been found in areas of aerospace 

industry, turbine blades, heat exchanger tubes, nuclear 

reactor components, and energy converters on recent 

advances in physics insights and modelling of flexible 

cylindrical flow-induced vibrations (FIVs) [1 - 5]. Flow-

induced vibrations (FIVs) of circular cylinders potentially 

lead to some negative consequences (e.g., structural 

damage due to fatigue) or positive consequences (e.g., 

vibrate the wind/hydro energy harvesting) [6,7,8].  

The elastically supported structure lies in the cross-

flow that produces vibrations caused by the flow due to the 

vortex around structures. The vortex shedding frequency 

approaches the natural structural frequency, so a lock-in 

phenomenon and vibration of large amplitudes occur. It is 

a kind of self-awakening vibration [9 -14]. The 

phenomenon of flow-induced vibration is not only a 

characteristic of the time domain but also the frequency 

domain. The power spectrum of the Fourier Transform 

analysis aims to investigate the frequency characteristics 

of flow-induced vibrational phenomena. However, the 

Fourier transformation method where the signal is not 

widespread in the time and frequency domain, is 

ineffective, and the frequency analysis using ordinal 

Fourier transformation is not suited for flow-induced 

vibration analysis because it is not a linear phenomenon, 

and the oscillation mechanism can change dynamically 

with time. Therefore, time-frequency analysis based on 

wavelet transformations is preferred to identify nonlinear 

characteristics of elastically supported structures in cross-

flow. The wavelet transformation is a spectrum of Fourier 

transformations locating a time window on non-stationary 

data. It is because wavelet transformation transforms a 

signal to the base form of a wavelet by shifting and scaling 

it so that the value of the multiscale wavelet coefficient is 

based on the high-resolution wavelet coefficient [15, 16]. 

A comprehensive overview of flow-induced vibration and 

wavelet transformations is found in many publications. A 

comparison between the wake response for single fixed 

and single row and free to vibrate was performed using 

Fourier Transform and Wavelet Transformation [17 -19]. 

Wavelet analysis showed that the frequency modulated 

amplitude in time, and the second and third pitch wavelet 

spectra contained high energy events along with the 

sporadic distribution of low energy events without the 

phenomenon of mode switching [20]. A wavelet 

transforms application in the flow vibrations analyses 
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induced from a cylinder in cross flow. They show that the 

wavelet transformations apply to stationary and non-

stationary processes [21 - 24]. The main point of their 

research is that the detailed use of wavelet transformations 

can provide valuable diagnostic information for coronal 

seismology. Spectral analysis using Fourier transforms on 

all-time series could not identify the characteristics of the 

bistable flow phenomenon. The Wavelet transformation, 

however, is a very proper tool. This case explains each 

time-dependent intermittent phenomenon based on a non-

stationary series [25 - 27]. Investigation of the effect of 

Reynolds' numbers on flow interference between two side-

by-side stationary cylinders and associated flow-induced 

forces using the finite element method and wavelet 

analysis [28]. This wavelet precisely reconstructs various 

signals in different situations, such as upstream, 

downstream, and around the bluff body (cylinder) [29 -40]. 

However, wavelet analysis cannot identify modal 

parameters and investigate the characteristics of flow-

induced vibrations. These shortcomings that prompted us 

to conduct this study. The parameter model identified with 

the envelopes and instantaneous wavelet methods by 

applying the function of the wavelet-based envelope 

modulates vibration signals [41 - 48]. This envelope 

extracts the signal envelope. The results showed that the 

Continuous Wavelet Transform (CWT) signal jointly 

established modal extraction and signal sheaths to estimate 

the damping ratio. Wavelet transformation is a method to 

analyze combined time-frequency of nonstationary signals. 

Estimation of the capital parameters of the vibrating 

system used wavelet transformations [49 – 53]. For the 

instantaneous nature of the transient response, the ridge of 

the wavelet transformation can be used to reconstruct the 

skeletal curve and identify the capital parameters of a 

system [54]. A technique developed to identify the 

characteristics of nonlinear systems by comparing 

extraction results uses wavelet analysis and Hilbert 

transformations (HT) [55]. Wavelet can analyze the 

envelope and instantaneous frequency of shifting signals. 

In addition, the result showed less noise compared to 

Hilbert's technique. Wavelet Packet Decompose (WPD) 

application for modal analysis of circular cylinders is 

supported by two elastic cantilever beams and wire [56]. 

Vibration testing at the Vibration Laboratory of 

Mercubuana University has been carried out on 

construction and vehicle systems, among others, to 

determine the effect of heaving and pitching on ship 

motion due to spring bending moments [57 – 64]. 

Regarding vibration that occurs in industrial application, 

the problem of cracking due to density curve is a concern 

thus based on the research that had been carried out, 

vibration fatigue analysis must be carried out to prevent 

cracking based on the material density toleration [65-73]. 

Instantaneous pressure signals are irregular at low 

vibrational frequencies but become more regular with 

increasing frequencies in pressure profiles, periodicity, and 

wave transformation parameters [74]. Effects of different 

geometric configurations of slat and flap on aeroacoustics 

time frequency are characteristics of experimental 

measurements and wavelet analysis [75]. 

This study presents experimental results of elastically 

supported cylinders excited by lift forces that cause the 

cylinder to vibrate in a perpendicular direction to fluid 

flow (i.e., cross-flow vibrations). The envelope of 

instantaneous time and frequency response is extracted 

using wavelet transformations. Experimental settings and 

procedures are outlined, provides detailed mechanical 

models of the system and explains the theoretical 

foundations of wavelet theory in part 2, while the results 

and discussion are presented in Part 3. Finally, the study 

presents the conclusion in part 4. 

2. Material and Method 

The cylinder is supported by two clamped beams, and a 

wire is presented in Figure 1. A round plate with a small 

hole is equipped in the c`enter of the cylinder. There is a 

slight gap between the wire and the cylinder. The beams 

are placed outside the wind tunnel testing area to avoid 

interruption of airflow. For uniform airflow configurations, 

a test is performed as flow velocities varying from 0.6 to 

4.1 m/s and from 4.1 to 0.6 m/s, which are called forward 

and reverse sweeps, respectively. Experimental studies 

were conducted in open wind tunnels with a square cross-

section of 30 cm × 30 cm. Airflow is generated from 

centrifugal fans. From the fan, air passes through a 

chamber containing a series of sails and honeycombs to 

straighten the flow and reduce turbulence. The test 

cylinder is a polycarbonate tube with an outer diameter of 

cross-section D = 0.045 m, length L = 0.32 m, and mass m 

= 0.06642 kg. The beam is made of stainless steel with a 

length of 0.185 m, a height of 0.03 m, and a thickness of 

0.006 m, and it has a Young modulus of 206 GPa. The 

wire material is SWP-A with Young's modulus of 208.1 

GPa, a tensile strength of 1600 MPa, and a diameter of 

0.55 mm. The diameter of the hole on the round plate is 3 

mm, and voltage is applied in the wire at one end. The 

other end is clamped to maintain a constant load.  

In the case of elastically supported cylinders, the 

cylinders will vibrate at a definite frequency due to tensile 

and lift forces. The drag force will excite the cylinder in 

the direction of fluid flow (in-line vibration). However, the 

lift force will vibrate the cylinder in a direction 

perpendicular to the direction of fluid flow (cross-flow 

vibration). In the experimental setting of this study, cross-

flow vibrations were dominant. 

 

Figure 1. Elastically supported cylinder with wire. 

Figure 2 shows a schematic diagram of the 

measurement system. The vibration responses of cylinders 

and beams are measured with two laser displacement 

sensors (LB040/LB-1000, Keyence Corp.). The output 
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signal of the laser displacement sensor is acquired from the 

FFT Analyzer (CF3600, OnoSokki.). Anemometer (HP-

866B-APP) is used to measure flow velocity. 

For this study, the elastically supported cylinder was 

modelled as a Single Degree of Freedom (SDOF) system, 

as shown in Figure 3. A cylinder of mass m is supported 

by two elastic beams with spring constant, kL and viscous 

damping coefficient, cL. A round plate with a small hole is 

allowed in the center of the cylinder. A wire with a 

nonlinear stiffness function, kN and a viscous damping 

coefficient, cw passes through the hole so that there is a 

chink denoted by x0 between the wire and the plate hole. 

At the same time the relative displacement between the 

cylinder and the wire is lower than x0, the system will be a 

linear structure. When the relative displacement is higher 

than x0, i.e., | y − x |≥ x0, a nonlinear effect will appear on 

the structure due to the nonlinear spring nature of the wire. 

The equation of motion of the system is described as 

follows: 

When |𝑦 − 𝑥| < 𝑥0, 

𝑚𝑦̈ + 𝑐𝐿𝑦̇ + 𝑘𝐿𝑦 = 𝐹(𝑡),           (1.a) 

When |𝑦 − 𝑥| ≥ 𝑥0, 

𝑚𝑦̈ + 𝑐𝐿𝑦̇ + 𝑘𝐿𝑦 + 𝑐𝑤𝑥̇ + 𝑘𝑁(𝑥) = 𝐹(𝑡).        (1.b) 

  
Figure 3. Single degree of freedom system. 

The nonlinear stiffness of the system is expressed as 

𝑘𝑁(𝑥) =  𝑘𝑤𝑙𝑥 + 𝑘𝑤𝑁𝑥3.              (2) 

Replace equations. (2) into the Equation. (1. b) we get 

𝑚𝑦̈ + 𝑐𝐿𝑦̇ + 𝑘𝐿𝑦 + 𝑐𝑤𝑥̇ + 𝑘𝑤𝑙𝑥 + 𝑘𝑤𝑁𝑥3 = 𝐹(𝑡),   (3) 

that x is the wire displacement, y is the cylinder 

displacement, and kwl and kwN are the spring constants for 

linear and nonlinear properties, respectively. An external 

force is applied with F (t). Furthermore, collisions between 

the displacements of x and y occur when y = x − x0 or y = 

x + x0 for the equation (3), which can be formulated as 

follow: 

𝑚𝑥̈ + 𝑐𝐿𝑥̇ + 𝑘𝐿(𝑥 ± 𝑥0) + 𝑐𝑤𝑥̇ + 𝑘𝑤𝑙𝑥 + 𝑘𝑤𝑁𝑥3 =
𝐹(𝑡),                              (4)                                                        

In the case of negligible values x0, we can analyze the 

above Equation taking into account the fundamental 

components of harmonics as follows: 

𝑥 = 𝑋𝑠𝑖𝑛(𝜔𝑡), and𝐹(𝑡) = 𝐹0𝑠𝑖𝑛(𝜔𝑡 + ∅).            (5) 

Replace equations (5) into the equation (4) we get 

−𝑚𝜔2𝑋𝑠𝑖𝑛(𝜔𝑡) + (𝑐𝑤 + 𝑐𝐿)𝜔𝑋𝑐𝑜𝑠(𝜔𝑡)
+ (𝑘𝐿 + 𝑘𝑤𝑙)𝑋𝑠𝑖𝑛(𝜔𝑡)

+ 𝑘𝑤𝑁𝑋3 {
3

4
𝑠𝑖𝑛(𝜔𝑡) +

1

4
𝑠𝑖𝑛(3𝜔𝑡)} 

= 𝐹0𝑠𝑖𝑛(𝜔𝑡)𝑐𝑜𝑠(∅) − 𝐹0𝑐𝑜𝑠(𝜔𝑡) sin(∅)           (6) 

Equating the coefficients sin(ωt) and cos(ωt) 

(fundamental component) yields 

−𝑚𝜔2𝑋 + (𝑘𝐿 + 𝑘𝑤𝑙)𝑋 +
3

4
𝑘𝑤𝑁𝑋3 = 𝐹0cos (∅)     (7) 

And 
(𝑐𝑤 + 𝑐𝐿)𝜔𝑋 = −𝐹0sin (∅), each            (8) 

 

The magnitude of the response and phase are 

determined as 

|
𝑋

𝐹0
| =

1

[{−𝑚𝜔2+(𝑘𝐿+𝑘𝑤𝑙)+
3

4
𝑘𝑤𝑁𝑋2}

2
+(𝑐𝑤+𝑐𝐿)2𝜔2]

1
2⁄
           (9) 

∅ = 𝑡𝑎𝑛−1 (
1

(𝑚𝜔2+(𝑘𝐿+𝑘𝑤𝑙)+
3

4
𝑘𝑤𝑁𝑋2)

),          (10) 

Let's rewrite the forced vibration equation for SDOF as 

𝑦̈ + 2ℎ0(𝐴)𝑦̇ + 𝜔0
2(𝐴)𝑦 =

𝐹(𝑡)

𝑚
,           (11) 

which ℎ0 and 𝜔0
2 are symmetrical viscous damping and 

system rigidity, respectively, which depend on the 

amplitude (A). According to the main properties of HT, 

equation (11) can be converted by HT to the following 

analytical signals: 

𝑌̈ + 2ℎ0(𝐴)𝑌̇ + 𝜔0
2(𝐴)𝑌 =

𝐹

𝑚
,           (12) 

which 

𝑌(𝑡) = 𝑦(𝑡) + 𝑗𝑦̃(𝑡) = 𝐴(𝑡)𝑒𝑖𝜃(𝑡),           (13) 

A(t) is the instantaneous magnitude or envelope, (t) is 

the instantaneous phase, and ỹ (t) is HT of response signal 

y(t) obtained as:  

𝑦̃ =
1

𝜋
∫

𝑦(𝜏)

𝑡−𝜏
𝑑𝜏

+∞

−∞
,            (14) 

 indicates the main value of Cauchy. The 

instantaneous frequency (t) is defined as 

𝜔(𝑡) = 𝜃̇(𝑡).             (15) 

Two derivatives of Y(t) are obtained as 

𝑌̇(𝑡) = 𝑌(𝑡) [
𝐴̇(𝑡)

𝐴(𝑡)
+ 𝑖𝜔(𝑡)],           (16) 

𝑌̈(𝑡) = 𝑌(𝑡) [
𝐴̈(𝑡)

𝐴(𝑡)
− 𝜔2(𝑡) + 2𝑖

𝐴(𝑡)̇ 𝜔(𝑡)

𝐴(𝑡)
+ 𝑖𝜔̇(𝑡)].  (17) 

 
Figure 2. Schematic diagram of the measurement system. 
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By replacing equations (16) and (17) into the Equation. 

(12), we obtain a representation of the corresponding 

capital parameters as follows: 

𝑌 [
𝐴̈

𝐴
− 𝜔2 + 𝜔0

2 + 2ℎ0
𝐴̇

𝐴
+ 𝑖 (2

𝐴̇𝜔

𝐴
+ 𝜔̇ + 2ℎ0𝜔)] =

𝐹̂

𝑚
.                                                                                    (18) 

To solve two equations for the real and imaginary parts 

of the equation (18), the expression for a modal parameter 

is written as below:  

𝜔0
2(𝑡) = 𝜔2 +

𝛼(𝑡)

𝑚
−

𝛽(𝑡)𝐴̇

𝐴𝜔𝑚
−

𝐴̈

𝐴
+

2𝐴̇2

𝐴2
+

𝐴̇𝜔̇

𝐴𝜔
,          (19) 

ℎ0(𝑡) =
𝛽(𝑡)

2𝜔𝑚
−

𝐴̇

𝐴
−

𝜔̇

2𝜔
,            (20) 

which 
𝛼(𝑡)

𝑚
=

𝐴̈

𝐴
− 𝜔2 + 𝜔0

2 + 2ℎ0
𝐴̇

𝐴
,           (21) 

𝛽(𝑡)

𝑚
= 2

𝐴̇

𝐴
+ 𝜔̇ + 2ℎ0𝜔.            (22) 

Onceℎ0(𝐴) and 𝜔0
2 (𝐴)are known, the damping and 

string characteristics of𝑓𝑑(𝐴) and 𝑓𝑠(𝐴) are proportional, 

and each can be obtained through following equation 

𝑓𝑑(𝐴) = 2𝐴̇ℎ0(𝐴) and           (23) 

𝑓𝑠(𝐴) = 𝐴𝜔0
2(𝐴).            (24) 

This approach is also discussed in detail in [76]. 

The wavelet transform has been widely used because it 

can present time-frequency (time-scale) signals better than 

the short-time Fourier transform. The wavelet transform 

uses a variable window width, wide at low frequencies and 

narrows at high frequencies. Therefore, it is possible to 

analyze data with short-duration basis functions to 

measure the high-frequency components. The advantage of 

wavelet analysis is that it is able to analyze data in 

different frequency components and represent them with 

scale-adjusted resolution [48]. 

A wavelet is a family of functions generated by a 

wavelet basis function (x), known as the parent wavelet 

function having a scale factor, a and translation, b. The 

parent wavelet function is defined as 


𝑎,𝑏

(𝑡) =
1

√|𝑎|
 (

𝑡−𝑏

𝑎
).            (25) 

A CWT is a wavelet transform to analyze non-

stationary signals that change over time. It can perform 

local analysis with a window on the signal as low as 

possible. The CWT can be formulated as follows: 

𝐶𝑊𝑇(𝑏, 𝑎) =
1

√𝑎
∫ 𝑥(𝑡)∗ (

𝑡−𝑏

𝑎
) 𝑑𝑡

∝

−∝
.         (2 6) 

CWT is a continuous signal function that generates 

wavelet coefficients, defined as the sum of the multiplied 

signals of the wavelet function  scaled by a and translated 

by b across the time domain. Information about frequency 

and time is indicated by the scale and translation, 

respectively. 

The normalization factor 
1

√𝑎
  is applied to ensure that 

the resulting energy is the same for all values of a. If a > 1, 

then the Wavelet Function  will be stretched along the 

time axis, and if 0 < a < 1, then the Wavelet Function will 

be compressed. 

The function  (t) satisfies the conditions for an 

oscillatory functional with fast decay to zero, zero mean 

value, normalization, and acceptance as follows: 

∫ (t)dt = 0
+∞

−∞
 or ∫ |(𝑡)|2dt = 1

+∞

−∞
,          (27) 

and 

∫
|̂(𝜔)|2

|𝜔|
𝑑𝜔 < ∞

∞

−∞
,            (28) 

which ̂(𝜔) Fourier Transforms of (𝑡). The selection 

of an appropriate Wavelet Function or a parent depends on 

the type of signal information required. Therefore, when 

we use wavelets for identification, the identified curve 

must be adapted to be similar to the original signal. 

Several different analytic functions have been used for 

wavelet analysis; one of the them is the complex Shannon 

wavelet analysis. 

It is obtained from the complex frequency of the B-

spline wavelet by setting m to 1 and is defined as 

(𝑥) = √𝑓𝑏𝑠𝑖𝑛𝑐(𝑓𝑏)𝑒2𝑖𝜋𝑓𝑐𝑥.           (29) 

A complex Shannon wavelet is a set of complex 

sinusoidal in the envelope of the sinc function, where the 

center frequency parameter fc and the bandwidth parameter 

fb control the width of the main lobe of the sinc function 

[77]. 

Both the instantaneous frequency and envelope of the 

wavelet transform are used in this study. The method of 

estimating parameters using instant frequency is known as 

wavelet ridge analysis while the one using envelope is a 

wavelet skeleton analysis. The Wavelet Transform of x(t) 

is an expansion of the function x(t) as a basis for the 

function (t) constructed from the dilation and translation 

of the parent wavelet, Eq. (11). This signals class is 

asymptotic and support the analysis of the time-frequency 

signals [78-89]. 

3. Result and Discussion 

Experiments involving the static case were conducted 

to determine the effect of wire tension on the system. It 

was to define the degree of strain on the wire used in the 

dynamic experiments. An impulse excitation was applied 

to the middle of the cylinder, while the response of the 

cylinder was measured with a laser displacement sensor. 

We used a 4 N tension on the wire for our experiment to 

study the effect of geometric nonlinearity. 

The experiment was conducted using a wind tunnel 

where the airflow velocity was varied gradually from 0.6 

to 4.1 m/s (forward sweep) and from 4.1 to 0.6 m/s 

(backward sweep). The Reynolds number range is 

approximately 6.12 × 103 < Re < 3.78 × 104. The wavelet 

transform provides a method for determining the envelope 

and instantaneous frequency of the signals in figures 5 and 

6. The wavelet had no frequency parameter. Instead, it had 

a scale parameter that could be used to determine 

frequency. The modulus and phase of the complex 

Shannon wavelet could be used to extract the envelope and 

instantaneous frequency. 

Figure 4 shows the response of the cylinder in the 

forward sweep. When the flow velocity is slow, the 

vibration amplitude of the cylinder is almost constant. 

However, the vibration amplitude increases dramatically 

after 1300 seconds as the vortex shedding frequency 

approaches the natural frequency of the structure. When 

the flow velocity becomes fast enough, the amplitude 

decreases rapidly. In the case of linear systems, locking 

phenomena can occur around the natural frequency of the 

structure. However, the frequency lock-in of nonlinear 

systems increases slightly.  Experiments using the same 

setup shown in Figure 4 were conducted for a backward 

sweep of the flow velocity, with results are also shown in 

Figure 5. The vibration amplitude of the cylinder is smaller 

than in figure 4. When the speed is swept backwards, the 

largest amplitude is found from 2125 s to 3125 s. The 

amplitude increases by about 2600 seconds, and then the 

frequency slowly decreases to 3000 seconds. 
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(a) 

 
(b) 

Figure 4. Test results under forward sweep response: (a) cylinder 
amplitude and (b) time-frequency analysis of the wavelet 

transform. 

 
(a) 

 
(b) 

Figure 5. Test results under the backward sweep response: (a) 

cylinder amplitude and (b) time-frequency analysis of the wavelet 
transform 

Figure 6(a) shows the relationship between the reduced 

velocity and the non-dimensional amplitude of the cylinder 

motion defined as 𝐴𝑚𝑎𝑥
∗ = 𝑦𝑚𝑎𝑥 𝐷⁄ . The reduced velocity 

is defined as 𝑉𝑟 = 𝑈 (𝑓𝑛𝐷)⁄ . Figure 7(b) shows the 

relationship between velocity reduction and frequency 

ratio 𝑓 𝑓𝑛⁄ . The vibration amplitude of the cylinder under 

forward sweep increases from Vr = 6. However, the 

frequency in Figure 6(b) does not change until Vr = 7. 

Here, the so-called locking phenomenon seems to occur. 

After this region, a geometric nonlinear response is 

identified in the system. The forward sweep response 

shows a jumping phenomenon at Vr = 11.9. The amplitude 

decreases by a specific value once and then decreases 

rapidly at approximately Vr = 13. In the backward sweep 

response, the vibration amplitude of the cylinder increases 

in two stages. The first and second increases seem to be 

generated by lock-in and nonlinear phenomena, 

respectively. A nonlinear system exhibits characteristics 

such as beating phenomena, complex limit-cycle behavior, 

phase shifts, and vortex dynamics. These features indicate 

the system's departure from linearity and the presence of 

intricate and unpredictable dynamics. Adding the 

nonlinear accumulation based on the frequency and 

amplitude between fluid and structural oscillations resulted 

in a more complex motion and flow field. The coupling 

raises the vortex-induced vibration that are difficult to 

model and not fully understood. 

Figure 7 shows the relationship between the frequency 

and vibration amplitude of the system. This curve 

corresponds to the backbone curve of the nonlinear 

system. Although the front angle view of the cylinder is 

slightly wide, the analysis is plotted using red (forward 

sweep) and blue (backward sweep) dotted lines for 

comparison. The effective stiffness of the spring had been 

successfully achieved by the estimation of the frequency 

and amplitude which together determines the backbone 

curve with a minor difference between forward sweep and 

backward sweep in the larger amplitude. It is critical to 

determine the characteristics of the nonlinear restoring 

force as a function of the vibration amplitude. Figure 9(a) 

shows the restoring force curves of the forward and 

backward sweeps, as identified using equation (28), based 

on the complex Shannon wavelet. The thin line shows the 

curve obtained by the least squares error method. As 

shown in Figure 8(a), the restoring force curve of the 

forward sweep response shows stronger nonlinearity than 

the backward sweep response. The approximate 

characteristics of the damping force can be derived using 

equation (29). 

Figure 8(b) shows that the estimated damping force 

based on the complex wavelet is a straight line following 

the linear damping part of the equation cw = 0,08 for both 

forward and backward responses. The linear spring 

constant kL and viscous damping coefficient cL were 

experimentally determined as 1,48 N/m and 0,1112, 

logarithmic decrement of free vibration, respectively. The 

nonlinear stiffness parameters of the extracted values were 

determined using curve fitting on the measured restoring 

force data. The nonlinear stiffness was determined to be  

𝑘𝑁(𝑥) = 5.0 ∙ 105 ∙ 𝑥3 + 43 ∙ 𝑥 for a forward sweep and 

𝑘𝑁(𝑥) = 1.8 ∙ 105 ∙ 𝑥3 + 30 ∙ 𝑥 for a backward sweep. 

The approximate damping force characteristics can be 

derived using Eq. (23). Figure 8(b) shows that the damping 
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force is estimated as a straight line, similar to linear 

damping. Then, the additional damping is estimated as cw 

= 0,08 for both forward and backward responses.As 

mentioned above, the nonlinear stiffness of forward and 

backward sweep shows different values. In general, the 

geometric nonlinearity of a structure shows similar values 

for the nonlinear stiffness. Therefore, this phenomenon 

seems to be the combined result between the geometric 

nonlinearity of the structures and the flow-induced 

vibration. 

 
(a) 

 
(b) 

Figure 6. Vibration amplitude expressed in terms of cylinder 
diameter as a function of velocity reduction for the forward sweep 

and backward sweep responses of the (a) amplitude and (b) 

frequency responses 

 
Figure 7. The backbone curve of the forward sweep and 
backward sweep. 

 
(a) 

 
Figure 8. Forward sweep and reverse sweep (a) identify the 
spring restoring force and determine the nonlinear characteristics 

𝝎𝒕𝒐𝒕
𝟐 , and (b) the damping force. 

4. Conclusion 

Flow-induced vibration in a cylinder supported by two 

beams shows that the wavelet transform can identify the 

lock-in phenomena in both forward-sweep and backwards-

sweep experimental conditions. In the forward sweep 

condition, the amplitude and nonlinear stiffness are bigger 

than the backward sweep condition. Meanwhile, the 

damping force generated due to the influence of forward 

and backward sweep does not change completely. For 

further research, it is necessary to convert the results of the 

mathematical model to the experimental results. 
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