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Abstract
Most of the parallel mechanisms (PM) with low coupling degree cannot directly obtain the analytical expression of the
positive position solution of the PM, which makes it difficult to carry out the follow-up research on the kinematic accuracy
analysis and trajectory planning of the PM. Based on the topological structure theory, this paper analyzes the position and
orientation characteristic(POC), DOF and coupling degree of 2PPa-PSS PM. Afterward, the kinematic mathematical model
of 2PPa-PSS PM is established based on the order single open chain of kinematic modeling principle. The moving platform
of the mechanism is set as an equilateral triangle, and the intermediate variables are solved by combining the constraints of
the two chains. The positive position solution of the PM in analytical form is obtained. The correctness of the kinematic
model of the mechanism is verified by numerical calculation. Then, according to the positive position solution analytical
expression, we can work out the complete workspace of the PM, and the significant influence of the driving increment on the
attitude change of the moving platform is analyzed by using the analysis method based on the orthogonal test. According to
the results of orthogonal experiment, the best driving range of the mechanism is obtained.
© 2021 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved
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1. Introduction
Motion analysis is the basic task of parallel mechanism,
and position analysis is the basis of velocity analysis,
acceleration analysis and other follow-up research [1]. Due
to the mutual constraints between the branches and chains,
the structure of the low-degree-of-freedom parallel
mechanism is complex, and the positive position solution
of the parallel mechanism in analytical form is difficult to
be obtained. The application research of parallel
mechanism [2-3] is limited to the analytical expression of
inverse position solution, and it is difficult to carry out the
follow-up research on the influence of its complete
workspace, drive on the attitude change of moving
platform and dynamic forward solution.
At present, for parallel mechanisms with non-zero
coupling degree, there is not generally positive position
solution analytical form. Only with special topological
structure can we obtain the analytic expression of positive
position solution. This kind of mechanism can be applied
to space precise positioning [4-6] or attitude adjustment
equipment [7-10], which has high research value [11-14].
Ma et al. [15] analyzed the kinematics and workspace of a
2-PrRS-PR(P)S parallel mechanism by using the closedloop equation. Arian et al. [16] analyzed the kinematics
* Corresponding author e-mail: 491651601@qq.com.

and dynamics of a three degree of freedom gantry tau
robot. Cuan-Urquizo et al. [17] obtained a closed solution
of the positive and inverse position solution of the 3-CUP
parallel mechanism. Zeng et al. [18-19] analyzed the
positive and inverse position solution, Jacobian matrix and
stiffness performance of the three-translation parallel
manipulator. Liu et al. [20] introduced a new 6-DOF
orthogonal parallel mechanism, and its dynamic model
was established to analyze the kinematic characteristics.
Yan et al. [21] proposeda systematically approach for
structure synthesis of parallel manipulator is based on
position and orientation characteristic (POC) matrix, by
which a detailed application is focused on the synthesis of
2-translation and 2-rotation parallel mechanisms. Zeng et
al. [22-24] have done a lot of research on decoupling of
parallel mechanism. For example, Zeng et al. [22]
synthesized the rotary decoupled parallel mechanism based
on the screw theory, proposed the selection principle of the
input pair of the rotary driving limb, and formed the type
synthesis method of the rotary decoupled parallel
mechanism. Secondly, Zeng et al. [23] also proposed a
decoupled 2T1R parallel mechanism, deduced the
analytical solution expressions of the forward and inverse
positions of the mechanism, and verified the decoupling
characteristics of the mechanism; In addition, Zeng et al.
[24] makes a systematic comparative analysis of 3-RPUR
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and 3-CPR parallel mechanisms. The results show that the
coupling of parallel mechanisms has mutual effects on the
workspace, dexterity, speed, payload capacity and stiffness
of the mechanism.
However, there are the following problems in the study
of parallel mechanism. When the coupling degree of
mechanism is not zero, the positive position solution of
mechanism can't be obtained directly [25]. Therefore, most
of the workspace of parallel mechanism can only be solved
based on the inverse position solution. However, it is
difficult to obtain a complete workspace by using the
analytical formula of the inverse position solution [1]. ②
The input-output motion decoupling characteristics of
parallel mechanism can only be qualitatively analyzed, but
not quantitative analysis of the influence of each driving
on the moving platform makes the motion control and
trajectory planning more complex [26-27].
Based on the topological structure theory of parallel
mechanism, this paper analyzes the position and
orientation characteristic, DOF and coupling degree of a
low coupling 2PPa-PSS 3-Translation parallel mechanism
with special topological structure. The moving platform is
set as an equilateral triangle, and the intermediate variables
are solved by combining the constraint equations of
Branch II and branch III. Based on the kinematic modeling
principle of single open chain, the analytic expression
positive position solution of the parallel mechanism is
obtained. Based on the analytic expression of the positive
position solution, the complete working space of the
parallel mechanism is drawn. Afterward, the orthogonal
test is designed to analyze the significant influence of the
driving mechanism on the coordinate change of the
moving platform, and the optimal driving range is
obtained. Finally, according to the singular position of the
mechanism, the index of testing the driving is obtained,
which provides a reference for further optimization
analysis and real-time control of the mechanism.

the 4S parallelogram and arranged on the opposite side,
which is recorded as follows HSOCi : P  SRS 2 (i = I,
II).The connection relationship of the kinematic pairs of
Branch I and Branch is identical. Branch III is a singleopen-chain (SOC), that is, the prismatic pair P31 , spherical
pair S31 and spherical pair S32 are connected in series
connection, they are recorded as SOCⅢ : PSS .
The whole mechanism is triangular and asymmetrical,
which has three characteristics: simple structure, easy to
manufacture and easy to assemble.
3. Analysis the topological structure of mechanism
3.1. Analysis the POC set of mechanism
The structure of hybrid single open chain I and hybrid
single open chain II of the parallel mechanism is identical,
and its topological structure can be expressed as:
Ci Pi1    4S  2R i  1,2
The topological structure of single open chain Ⅲ is:
C3 P31  S31  S32 . According to the topological
structure theory and the POC equation of parallel
mechanism,the POC set of mechanism is solved.
The POC equation of parallel mechanism is [25]

M bi 

M pa 

k
j 1

M sj

(1)

M bi

(2)

n
i 1

where: M pa is the POC set of the mechanism moving
platform; Mbi represent the POC set the i-th at the end of
branch chain; Msj denote the POC set of the j-th sub
single open chain in the branch chain;
Branch I and Branch Ⅱ have the same structure, and the
end of them generate the POC set is identical. Owing to
the motion output of parallelogram   4S  2R is
equivalent to 2T1R, according to formula (1), we can get
t1  P  
 

t2
t3
M bi   0 i1   1
=  1
  i  1,2
r
S
S
r
S
S




i1 i 2 
i1 i 2 
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Since Branch Ⅲ is an unconstrained branch, of which
the end generates the POC set is
t3 
M b3   3 
r 
POC set of moving platform ② is
M pa  M b1 M b 2 M b3

Figure 1. 2PPa-PSSParallel Mechanism

2. Description of mechanism structure
According to the topological structure theory and
design method of parallel mechanism, this paper presents a
three translation parallel mechanism driven by three
moving pairs, as shown in Figure 1. The whole mechanism
is composed of static platform ①, moving platform ② and
three branches, in which Branch I and Branch are the same
hybrid single open chain (HSOC), that is, The moving pair
P and the moving platform 2 are respectively connected in


 
 t3   t3 
t3
t3
= 1
  1
  3   0
r  S11S12  r  S21S22  r  r 
The result reveal that the position and orientation
characteristic of any point on the moving platform ② is
three translation  3T 0R  which is the translation of three
directions of the XYZ axis.
3.2. Calculation of degree of freedom and coupling degree
of parallel mechanism
The formula of parallel mechanism is [25]
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m

v

F   fi   Lj
i 1
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(4)
Lj  dim.  M bi  M b j 1 
i
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where: F is the degree of freedom of the mechanism,
fi represents the degree of freedom of the i-th kinematic
pair (excluding passive degree of freedom), m denotes the
number of kinematic pairs of the mechanism, n.is the
number of mechanism components, v  m  n  1
represents the number of independent loops, Lj is the

number of independent displacement equations of the j-th
j

independent loop,
i 1

M bi denotes the POC set of the sub

parallel mechanism composed of the first i branches,
Mb j 1 is the set of the end components of the first j  1
branches.
The formula of the coupling degree  of the
mechanism is [25]
 v

1
 = min.   j 
2
 j 1

(5)
mj
v
1


= min.   fi  I j   Lj 
2
 j 1 i 1

where: min.  represents that the basic kinematic chain

 

(BKC) is decomposed into v -th SOC j  j , and there are
many decomposition schemes,

    is the smallest.
j

The parallel mechanism can be divided into two
independent circuits:



SOC1 =  P11  R11   4S  2P  R14  R24   4S  2P 
R21  P21 

SOC2  P31  S31  S32 
According to equations (3) and (4), the number of
independent displacement equations of the first
independent loop is determined

 L1  dim.M b1

M b2

 t 3 
 dim.  1

r  R11 

 t 3  
 1
  =5
r  R21  

8

F1 2   fi   L1  8  5  3

421

pairs, the parallel mechanism can achieve 3-D translational
motion output.
The constraints degrees of two single open chains are
as follows
8

1 = fi  I1   L1  8  2  5  1
i 1

3

 2   fi  I 2   L 2  6  1  6  1
i 1

By substituting the results of the above two formulas
into equation 5, we can get
1 2
1
 =   j  1  1   1
2 j 1
2
The results indicate that the coupling degree of the
parallel mechanism is   1 . In most cases, it is difficult
for the parallel mechanism whose coupling degree is not
zero to get the analytical formula of the positive position
solution of the parallel mechanism, and the parallel
mechanism can get the analytical formula of the positive
position solution by setting the intermediate variables.
4. Kinematic analysis of parallel mechanism
4.1. Coordinate system and parameter setting
The parallel mechanism is driven by three moving pairs
P11, P21 and P31 . Three driving pairs are distributed on the
same platform ①, and their axis angle is 120 °. According
to figure 1, the kinematic modeling of the parallel
mechanism is established, as shown in Figure 2.
The static coordinate system o  xyz is established on
the static platform ① . The coordinate origin o is the
center of gravity of the static platform, and the x-axis
coincides with the P11 axis. The x-axis rotates 90 °
anticlockwise around the origin o to be the y-axis, which
has an angle of 30 ° with the axis of P21 .The z-axis is
determined by the Cartesian coordinate system of the right
hand. The coordinate system o  xyz is set on the top of
the moving platform ②, and the coordinate origin o is
located on the top of the center of gravity D point of the
moving platform ②, oD  l4 .The u-axis coincides with
P11 axis and points to C1 . The u-axis rotates 90 °
anticlockwise around the origin o to form the v-axis. The
determination method of w-axis is the same as that of zaxis.

i 1

t3 
Mb2   0 
r 
The number of independent displacement equations of
the second independent loop is
3

 t  

L2  dim. M pa1 2 Mb3 =dim.  3    6

 r  

According to formula (3), the degree of freedom of the
parallel mechanism can be obtained
M pa1 2  M b1





11

2

i 1

j 1

F   fi   Lj  8  6    5  6   3
The results reveal that when the three moving pairs P11
, P21 and P31 on the static platform ① are used as driving

Figure 2. Kinematic Model of Parallel Mechanism

Set the scale parameters of the parallel mechanism: the
distance between the initial position of the driving pair
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P11, P21 and P31 and the origin o are d1, d2 and d3
respectively, that is, oAi  di (i=1, 2, 3, same below). The

moving range of the driving pair is 0, si  . The length of
each rod are AB
i i  l2 and Ci D  l3 . The shape of
i i  l1 , BC
moving platform is equilateral triangle, whose side length
is
3l3 , and the size of each angle is

AoA
i
j =Ci DC j =120 . On account of AB
i i  l1 , B1, B2
and B3 are in the same plane and parallel to the xoy plane.
Set the intermediate variable angle between BiCi and
plane B1B2B3 is  * . The projection of BiCi on B1B2B3 is
BiCi .The intermediate variable angle between BiCi and

oAi is  * , where i  1,2,3 , j  1,2,3, i  j , the schematic
diagram of the angle position of the intermediate variable
is shown in Figure 3.

 d1  s1  l2 cos  * cos  * 


C1* = 
l2 cos  * sin  *

*


l

l
sin

1
2



 d1  s1  l2 cos * cos  *  3l3 2


C2* =  l2 cos * sin  *  3l3 2 


l1  l2 sin  *


(2) According to the position matrix of the moving
coordinate system o-uvw relative to the static coordinate
system o-xyz, the position matrix of the moving coordinate
system is
o

po   x

y z

T

(6)

According to formula(6), combining the coordinates of
C1 and C2 , we can get

C1*  C1  o po
On the SOC with 2 =  1 , the coordinates of C1, C2
and C3 in the moving coordinate system o-uvw are
o
C1  l3 ,0, l4  , oC2  l3 2, 3l 3 2, l4 ,



o



C3  l3 2,  3l 3 2, l4





Coordinate of intermediate variable of point C3* is

 l

3l
C3*    3  x,  3  y, l4  z 
2
 2

By B2C2  B3C3  l2 , the constraint equation of parallel
mechanism can be established:
 x*  x 2  y*  y 2  z*  z 2  l 2
B2
C2
B2
C2
B2
2
 C2
(7)

2
2
2
 xC* 3  xB3  yC* 3  yB3  zC* 3  zB3  l22

In this paper, we cleverly designed the moving
platform of the parallel mechanism as an equilateral
triangle, that is,
(8)
C1C2 = 3C1D= 3l3
Because the equivalent relationship of the side length
of the moving platform is known, the intermediate
variables angle  * and  * can be solved by combining
the link length constraint equation (7) of branch chain Ⅱ
and branch chain Ⅲ..This is the key to solving the analytic
expression of the positive position solution.
The coordinates of B2 and C2 are substituted into
equation(7), which is sorted out and simplified, we can get
*
*
*
*

 Acos sin   B cos cos   C  0

*
*
*
*

D cos sin   E cos cos   F  0
where
A  3l2 l3  d2  s2 




Figure 3. Schematic diagram of intermediate variable angle

4.2. Analysis of positive position solution of parallel
mechanism
It is known that the motion range of the driving pair
P11 , P21 and P31 are 0, si  and the initial positions of them
are d1, d2 and d3 respectively. Next,we can use the
condition to solve the coordinates  x, y, z  of o on the
moving platform ②.
According to the static coordinate system established
by the kinematic model of the mechanism, the coordinates
of each point can be obtained as follows:
A1  d1  s1,0,0 , B1  d1  s1,0, l1 



B    d  s  2, 3  d  s  2, l 
A    d  s  2,  3  d  s  2,0 
B    d  s  2,  3  d  s  2, l 
A2   d 2  s2  2, 3  d 2  s2  2,0
2

2

2

2

2

1

3

3

3

3

3

3

3

3

3

3

1

(1) On the SOC of 1 =1 , using the intermediate
variables angle  * and angle  * , the coordinate of C1
and C2 relative to the static coordinate system o-xyz can
be obtained by geometric method, that is

 
 

 
 




B  2l2 d1  s1   d2  s2  3l3  2
C  d1  s1   d2  s2  3l3  2  3 l3  d2  s2  4
2

2

D  3l2  d3  s3  l3 
E  2l2  d1  s1   d3  s3  3l3  2
F  d1  s1   d3  s3  3l3  2  3 d2  s2  l3  4
By solving equation (7), we can get
2

2
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 BF  CE
 *
 =arctan AF  CD

C
 * =arccos

A sin   B cos 
Due to Ci D  l3 , substituting angle  * and angle  *

The results show that there are 8 groups of inverse
solutions and 8 configurations of the mechanism.

into the coordinates of C2* , we can get the analytical
formula (9) of the positive position solution of the o point
on the moving platform
 x  d1  s1  l2 cos * cos  *  l3

*
*
(9)
 y  l2 cos sin 

*
 z  l1  l2 sin   l4

Set the scale parameters of the paralle mechanism as
follows l1= 50mm, l2= 400mm, l3= 60mm, l4= 60mm, d1=
d2= d3= 60mm.

4.3. Analysis of inverse solution position of parallel
mechanism
Given the coordinates  x, y, z  of o point in the
moving coordinate system of moving platform ② , the
distance si i  1,2,3 required to move the driving pair is
calculated.
First, the absolute coordinates of point C1, C2 and C3
are obtained:


l
3l 3
C1  x  l3 , y, z  l4  C2  x  3 , y 
, z  l4 
2
2





l
3l 3
C3  x  3 , y 
, z  l4 
2
2


Owing to BC

l
i

1,2,3

 , we can establish
i i
2
constraint equation as follows:
 x  x 2  y  y 2  z  z 2  l2
B1
C1
B1
C1
B1
2
 C1
2
2
2

2
 xC2  xB2  yC2  yB2  zC2  zB2  l2 (10)

2
2
2
 xC  xB  yC  yB  zC  zB  l22
3
3
3
3
3
 3
Substituting the coordinates of point Bi and Ci into
equation (10)

2
l22  y 2   z  l4  l1 
 s1  x  l3  d1


 E1  E12  4 F1
 d2
 s2 
2


 E2  E22  4 F2
 s3 
 d3
2

where
E1  x  3 y  2l3





 
 
 

 
 
 






4.4. Verification of positive and inverse analytical
expressions of position for mechanism.

Table 1. Positive solution value of mechanism position I
Coordinate

x/mm

y/mm

Value

71.6565

17.3731

z/mm
448.2069

Table 2. Inverse solution of mechanism position I
Serial number
s1/mm
1
274.5280
2
274.5280
3
274.5280
4
274.5280
5
-151.2150
6
-151.2150
7
-151.2150
8
-151.2150

s2/mm
170.7403
170.7403
-232.3057
-232.3057
170.7403
170.7403
-232.3057
-232.3057

s3/mm
145.9299
-267.6775
145.9299
-267.6775
145.9299
-267.6775
145.9299
-267.6775

Set the moving range of the three driving pairs to be the
same, all of which are si 0,350i  1,2,3 . The scale
parameters of the mechanism are substituted into the
positive position solution(9). Take two sets of data
respectively. Setting the first group data of driving pair are
s1 = 274.2579mm, s2 = 170.7403mm, s3 = 145.9299mm
respectively. Setting the second group data of coordinates
of the moving platform is (71.6565, 17.3731, 448.2069).
Take two groups of data respectively and use Matlab
programming to calculate the positive solution of
mechanism position, as shown in Table 1 and Table 2.
Take the data in Table 1 and substitute it into equation
(10) to calculate the inverse position solution data of the
mechanism, as shown in Table 2.
The results show that the positive and inverse solutions
obtained by Matlab software are completely matched,
which shows that the analytical formula of the positive and
inverse position solutions of the parallel mechanism is
correct.

E2  x  3 y  l3


y 


2

F1   x  l3 2  y  3l3 2   z  l4  l1   l22
2

F2   x  l3 2

2

2

2

3l3

2

  z  l4  l1   l22
2

Figure 4. 3D figure of workplace for the mechanism
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(a) xy-Direction view of workplace for the mechanism

(b)xz-Direction view of workplace for the mechanism

(c)yz-Direction view of workplace for the mechanism
Figure 5. Three views of mechanism motion space

Figure 6. Cloud figure of workplace for the mechanism

5. Analysis of parallel mechanism motion performance
5.1. Workspace analysis
The motion range of driving pair P11 P12 and P13 is set
as [0, 350mm], their initial position are d1 =d2 =d3 = 60mm,
and their step length are all 7mm. According to the
positive analytical formula of mechanism (9), the
stereogram and cloud diagram of working space of
mechanism are obtained by Matlab software programming,
as shown in Fig. 4, Fig. 5 and Fig. 6.
Analysis of Fig. 4, Fig. 5 and Fig.6 shows that:
1) The workspace of the parallel mechanism is
symmetrically distributed, continuous and free of cavities,
with good performance. When all three driving pairs are at

the starting point, the mechanism reaches the workspace
boundary.
2) Within the set range of the working stroke of the
mechanism driving pair, the working space does not
contain singular points, the effective working space is
large and the range is centralized, which has a good use
value.
5.2. Singularity analysis of parallel mechanism
5.2.1. Singularity principle of parallel mechanism
By analyzing whether the determinant of Jacobian
matrix is zero, we can judge whether the mechanism is
singular. The singular configuration of parallel mechanism
can be divided into three categories: (1) the input
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singularity will occur when the J q  0 and J p  0 ; (2)
the output singularity will occur when the J p  0 and

J q  0 ; (3) the comprehensive singularity will occur
when the J q  0 and J p  0 .The drive range of the
parallel mechanism should be avoided near the singular
location.
Both sides of the constraint equation (10) of the link
length of the mechanism derive the time at the same time,
and the relationship between the output speed v 

x

y z  of the end platform of the mechanism and the
T

input speed x   s1 s2
obtained as follows

s3 

T

u33

3

C3

 xB3


3s  y

3s2 yC2  yB2
3

(13)

C3

 yB3

2
2

5.2.2. Input singularity
If any element of the diagonal of equation (12) is zero,
the input singularity of the mechanism will occur when
J q  0 and J p  0 .
Owing to u1 =0 , u2 =0 , u3 =0 , we can obtain



(14)
xC2 =xB2 , yC2  yB2 

xC3 =xB3 , yC3  yB3 
When the coordinate of the Bi i  1,2,3 and
xB1 =xC1

Ci i  1,2,3 satisfies any equation in the formula (14),
then J q  0 . In other words, Ai , Bi and Ci i  1,2,3 are
collinear, the input singularity occurs.It indicates that the
moving platform of the paralle mechanism reaches the
boundary of the workspace.
5.2.3. Output singularity
The output singularity of the parallel mechanism will
occur when J p  0 and J q  0 . In other words, the
driving pair can't drive the moving platform even if the
force on the moving platform is very small. If we regard
the corresponding row of formula (12) as a vector, we can
get

J p  V1 V2 V3 

T

1. When any two vectors are linearly related, J p
equals zero.

equals zero.
Setting V1  1V2 2V3 (where 1 and 2 are
coefficient), B1C1, B2C2 and B3C3 are parallel in space, that
is v11 v12 v13   1 v21 v22 v23   2 v31 v32 v33  .
5.3. Comprehensive singularity

6. Driving significance analysis

v31  xB3  xC3 ， v32  yB3  yC3 ， v33  zB3  zC3 ，

 2
 2

2. When the three vectors are linearly correlated, J p

(12)

v21  xB2  xC2 ， v22  yB2  yC2 ， v23  zB2  zC2 ，


 s x

 v21 v22 v23 

singularity occur at the same time, and the mechanism
satisfies Ai , Bi and Ci three-point collinear and BiCi // BjCj
(i=1, 2, 3, j=1, 2, 3 and i ≠ j).

v11  xB1  xC1 ， v12  yB1  yC1 ， v13  zB1  zC1 ，

u22  s2 xC2  xB2

v12 v13  = .

(11)

J pv  J q x



v11

The mechanism will have synthetic singularity when
J q  0 and J p  0 , that is, input singularity and output

 v11 v12 v13 
J p  v21 v22 v23 
v31 v32 v33 
J q  diag u11, u22 , u33 



B2C2 are parallel in space, that is

of the driving pair is

where

u11  xB1  xC1 s1 ，

Setting V1  V2 (where  is a coefficient), B1C1 and

6.1. Orthogonal test scheme design and range analysis
It can be seen from equation (9) that the drive of the
mechanism leads to the nonlinear change of the coordinates of the moving platform. Therefore, in the whole driving
range, the driving change has little influence on the
coordinate increment of the moving platform. In other
words, we look for the driving range with the largest
reduction of displacement, which is convenient for the
real-time control of the parallel mechanism. Therefore, the
optimal driving range of the parallel mechanism is solved
by designing the orthogonal experiment. Taking the
coordinate difference of the moving platform of the
parallel mechanism as the research object, the significant
influence of the driving pair on the coordinate change of
the moving platform is explored. The target parameters of
the test object are the changes of the coordinates of the
moving platform x, y and z .The structural
parameters expressing the coordinate change of the
moving platform are the increments of s1, s2 and s3 , the
increment equal s = 70mm.
The starting points of the five increments of the three
drivers are 0, 70mm, 140mm, 210mm, 280mm,
respectively. It is assumed that there is no interaction
between the three driving displacements in the control
process [28].
The orthogonal Table L p t q is used to arrange the
experiment, where L is the code of the orthogonal table,
p is the number of experiments, t is the horizontal
number, and q is the number of influencing factors. In
this paper, the orthogonal table q=3 , is selected as shown
in Table 3.

 

Table 3. Values of s1, s2 and s3 at different levels in orthogonal
tests
Level
1
2
3
4
5

s1/mm
0
70
140
210
280

s2/mm
0
70
140
210
280

s3/mm
0
70
140
210
280
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The results of orthogonal test were analyzed, as shown
in Table 4. Calculate the numerical value and range of the
three factors under the five levels, and test whether the jth
column factor has significant influence on the test result
statistic Fj .Under the given significance level  , if

factors arranged in this column have a significant
influence on the coordinate change of the moving platform
of the mechanism, otherwise, the influence is not
significant.

Table 4. Range analysis
The influence of driving on y
Error term
s1
s2
s3

The influence of driving on x
s1
s2
s3 Error term

Test

Fj  F1  f j , f e  is satisfied, it can be considered that the

K1 j

94.93

-47.47

-56.74

4.27

0.00

82.21

-98.28

-8.52

K2 j

-28.79

-43.61

-2.30

-37.92

-13.16

-20.43

-3.99

5.15

K3 j

-41.66

19.09

8.36

-56.75

-2.02

-37.09

14.47

K4 j

-79.32

15.02

13.53

-3.02

9.54

-29.10

23.43

K5 j

-11.35

-9.23

-29.24

27.22

-17.21

-18.44

Rj

174.26

66.55

70.27

83.97

26.75

119.30

According to the orthogonal test scheme and range
analysis method, the orthogonal influence factors are used
for numerical calculation to obtain 25 sets of orthogonal
combination values as shown in Table 5.
Table 5. Numerical results of orthogonal test combination
Level
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

2

3

Δx/mm

1
2
3
4
5
1
2
3
4
5
1
2
3
4
5
1
2
3
4
5
1
2
3
4
5

1
1
3
4
5
2
3
4
5
1
3
4
5
1
2
4
5
1
2
3
5
1
2
3
4

0.00
11.06
21.24
28.58
34.04
-5.53
-0.76
3.55
8.10
-34.14
-10.62
-4.06
-1.00
-19.04
-6.95
-14.29
-53.16
-6.87
-3.06
-1.94
-17.02
3.31
2.17
0.44
-0.25

Δy/mm
0.00
0.00
0.00
0.00
0.00
9.58
-1.32
-2.64
-2.89
-15.89
18.39
1.75
-1.73
-18.93
-1.50
24.75
16.65
-25.95
-5.30
-0.61
29.48
-37.51
-6.77
-1.99
-0.43

Δz/mm
-7.96
-15.67
-22.33
-29.57
-40.66
-15.67
-26.10
-36.95
-50.81
-26.59
-22.33
-36.95
-51.33
-25.76
-44.07
-29.57
-26.98
-25.76
-43.04
-59.55
-40.66
-26.59
-44.07
-59.55
-82.86

The data were processed according to the method of
variance analysis.The statistic used to test whether the
driving increment of the j-th column has a significant
effect on the dynamic platform increment is Fj .
According to the F distribution Table, we can get
F0.90  4,8 =2.81, F0.95  4,8  3.84 and F0.99 .  4,8 =7.01 .
The statistics of the increment x of the x-coordinate of
the moving platform corresponding to the three driving

-116.18

The influence of driving on z
Error term
s2
s3
-116.18 -112.66

-199.34

-156.12 -132.29 -162.51

-182.71

6.87

-180.44 -180.44 -189.85

-173.60

0.70

-184.91

-208.73 -215.91

-166.16

41.51

-27.02

-253.73

-253.73 -210.43

-169.57

139.78

33.92

137.55

137.55 103.24

33.18

increments

6.2. Significance analysis

s1

are,

Fxs1  6.58,

Fxs2

=1.52

and

Fxs3  1.32 respectively. Under the significance level of

  0.05 , the increase of s1 has a significant effect on the
change of moving platform coordinate x , while s2 and
s3 have no significant effect on the change of moving
platform coordinate x .
The statistics of the increment y of the y-coordinate
of the moving platform corresponding to the three driving
increments are Fys1  1.04 , Fys2  21.78, Fys3
 27.24 respectively. Under the signific-ance level of
  0.01 , the increase of s1 has no significant effect on
the change of moving platform coordinate y , while s2
and s3 have significant influence on the change of moving
platform y-coordinate, and the order of significant
influence is as follows s3, s2.
The statistics of the increment z of the z-coordinate
of the moving platform corresponding to the three driving
increments are, Fys1 = 1.04, FΔyΔs2=21.78, FΔyΔs3=27.24,

respectively. Under the significance level of   0.01 , the
three drives have significant effects on the changes of the
moving platform, and the order of significant influence
ares2, s1,and s3.
6.3. Analysis of the change characteristics of target
parameters
In order to more intuitively analyze the influence of
each factor level on the coordinate increment of the
moving platform, we can comprehensively analyze the
results according to the orthogonal test theory 19. Sum the
results of calculation at the level of each driving
increment, and then calculate the average value. We can
draw a graph of the influence of the driving on the
coordinates of the moving platform, as shown in Figure 7.
As can be seen from fig. 7 (a), with the increase of s1 ,
the influence on the x-coordinate x of the moving
platform decreases at first and then increases, and its
variation range is (-15.9mm,19.0mm).. With the increase
of s2 and s3 , their influences on the x-coordinate x of
the moving platform increase at first and then decrease,
and their variation ranges are smaller, which are (-
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9.5mm,3.8mm) and (-11.3mm,2.7mm) respectively.
Therefore, it is easier to control the change of the xcoordinate of the moving platform by selecting the drive
s1 .
Δs1
Δs2
Δs3

x-coordinate change (mm)

20

s3 , the influence on the y-coordinate y of the moving
platform increases at first and then tends to smooth, and its
variation range is (-7.42mm, 16.44mm). Therefore, driving
s2 and s3 can control the y-coordinate of the moving
platform more easily.
As can be seen from fig. 7(c), with the increase of s1,
s2 and s3 , the z-coordinate z of the moving platform all
show a downward trend, and their changing ranges are (50.75mm, -23.24m), (-50.75mm, -23.24mm) and (43.18mm, -22.53mm), respectively. Therefore, driving s1,

15
10
5
0

s2 and s3 can effectively control the z-coordinates of the
moving platform.
According to the comprehensive balance principle, the
optimal driving range of the parallel mechanism is (70mm,
350mm). The influence of the driving increment on the
coordinate increment of the moving platform can provide a
reference basis for the real-time control and further
optimization analysis of the parallel mechanism.

-5
-10
-15
-20
0

70

140

210

280

Drive incremental (mm)

(a) x-coordinate change

7. Experimental results and analysis
Δs1
Δs2
Δs3

20
15

y-coordinate change (mm)

427

10
5
0
-5
-10
-15
-20
0

70

140

210

The physical prototype model is made according to the
mechanism parameters of simulation analysis, as shown in
Figure 8. The theoretical basis of significance analysis is
the analytical formula of forward kinematics solution.
Therefore, it is necessary to verify the correctness of
equation (9) through experiments. It can be seen from
Figure 7 that the driving increment has the greatest impact
on the displacement of z-axis of the moving platform.
Therefore, the z-axis displacement of the moving platform
is selected for experimental verification.

280

Drive incremental (mm)

(b)y-coordinate change
Δs1
Δs2
Δs3

-20

z-coordinate change (mm)

-25
-30
-35
-40
-45
-50
-55
0

70

140

210

280

Drive incremental (mm)

Figure 8. Physical prototype model of 2PPa-PSS PM
(c)z-coordinate change
Figure 7. Coordinate increment of moving platform changes with
driving increment.

As can be seen from fig. 7 (b), with the increase of s1 ,
the influence on the y-coordinate y of the moving
platform fluctuates in a very small range, and its variation
range is (-3.4mm, 1.9mm) . With the increase of s2 , the
influence on the y-coordinate y of the moving platform
decreases at first, and then tends to smooth, and its
variation range is (-3.7mm, 1.9mm). With the increase of

Firstly, the moving pairs P1, P2 and P3 are set at the
initial position, and then the displacement in the Z
direction of the end platform is measured by the laser
rangefinder, to verify the correctness of the analytical
formula of the forward kinematics solution. In addition,
the accuracy of the laser rangefinder is 1mm. The
experimental results are compared with the theoretical
analysis, as shown in Figure 9.
According to Fig. 7(c), the three moving pairs have the
same influence on the displacement of the moving
platform in the Z direction, which is also proved by the
experimental test results. According to figure 9, within the
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driving range of [0, 150mm], the coordinate changes in the
Z direction of the moving platform are basically the same.
The correctness of equation (9) is verified.

Figure 9. Z-axis displacement of 2PPa-PSS PM moving platform

8. Conclusions
The main conclusions are as follows:
1. The topological structure characteristics of a low
coupling degree 3T PM are analyzed, and it is concluded
that the degree of freedom is 3 and the coupling degree is
1. The kinematics model is established, and the analytical
formula of positive and inverse position solution of the PM
is solved based on the sequential single open chain
method. The correctness of the analytical formula is
verified by numerical calculation.
2. Based on the analytical formula of positive position
solution, the complete discrete point workspace of the PM
is obtained. The workspace of the PM is large and there is
no cavity in the interior. Then, the singular configuration
of the mechanism is analyzed based on the analytic
expression of the inverse position solution.
3. The orthogonal test scheme is designed, and the
coordinate change of the moving platform is numerically
simulated. At different levels of the orthogonal
experimental design, the three driving increments have
significant effects on the coordinate changes of the moving
platform. Finally, it is concluded that the optimal driving
range of the parallel mechanism is 70mm - 350mm.
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