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Abstract 

This paper develops two approximations to the normal cumulative distribution function. Although the literature is rich in 

approximation functions for the normal distribution, they are not very accurate. This proposed approximation is an enhanced 

logistic cumulative function approximation to the normal cumulative distribution function. The paper starts with 

approximating the logistic function to the normal distribution and then introduces a second term to the first approximation to 

increase the accuracy. Besides the simplicity of the introduced model, it has a maximum error of less than 0.0012 for the 

entire range. This level of accuracy is superior if compared to other introduced models by other authors. The current can be 

used to estimate the normal distribution based probabilities and associated statistics. The deviation of the proposed model 

from the actual normal cumulative distribution with Z score is discussed at the end of this paper. 
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1. Introduction 

The normal distribution is one of the most important 

continuous probability distribution functions used in the 

field of engineering and science. This is due to the fact 

that many natural phenomena can be accurately 

described using this distribution, and that the error 

measurements follow the normal distribution in theory. 

Further, the normal distribution is important in predicting 

solutions in many engineering fields such as heat flow, 

operations research, mechanics, quality engineering, and 

reliability engineering. 

The normal distribution density function with mean of 

μ and standard deviation of σ is addressed in equation (1)  

𝑓(𝑥) =
1

𝜎√2𝜋
𝑒

−
(𝑥−𝜇)2

2𝜎2                                                        (1) 

The normal distribution density function with μ=0 and 

σ=1 is referred by standard normal distribution as 

addressed in equation (2)  

∅ (𝑧) =
1

√2𝜋
𝑒−

𝑧2

2                                                                  (2) 

The normal distribution can be transferred into 

standard normal distribution to be handled by the popular 

z-table using the transformation formula (i.e., Equation 

3). 

𝑧 =
𝑥−𝜇

𝜎
                                                                             (3) 

In statistics, the distribution cumulative density 

function is the probability that the selected random value 

is equal or less than specific value c, or in other words, 

P(X<c). For the normal distribution, the cumulative 

distribution function is a complex integral function and 

usually denoted with the capital Greek letter, Ф as in the 

Equation (4).  

Ф(𝑧) =
1

√2𝜋
∫ 𝑒−𝑡2/2𝑑𝑡

𝑧

−∞

                                                 (4) 

Unfortunately, the above integral cannot be solved 

into a closed-form formula, and the results of this integral 

are usually found using calculators, Excel spreadsheets, 

as well as the popular z- table. One practical problem 

arises when using such tables, is that those tables only 

provide the cumulative probabilities for certain discrete 

values of z. In many scenarios, the required z value will 

not be available on the table, and therefore, the value will 

be approximated using adjacent z values. 

In order to overcome this practical problem, many 

researchers have proposed a number of approximate 

functions for the cumulative normal distribution. 

However, many proposed approximate functions are 

either mathematically complicated and lack accuracy, or 

not valid for the entire range of z values. This paper 

proposes an enhanced logistic cumulative function 

approximation to the normal cumulative distribution 

function. Besides the simplicity of the introduced model, 

it has a maximum error of less than 0.0012 for the 

whole range, [-∞:∞]. 

This paper is organized as follows: In Section 2, a 

literature review on similar approximate functions with 
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the introduced one is conducted. Section 3 discusses our 

proposed model and shows our findings, and finally, 

section 4 provides a short conclusion on our work.  

2. Review of Previous Work 

Many proposed approximation functions of normal 

density are introduced in the literature. However, we can 

gather these approximations into two main types: 

approximation based on numerical algorithms and Ad-

hoc approximations [1]. This section presents a historical 

review of different proposed approximations of the 

cumulative normal distribution function. The results of 

this review are summarized in Table 1.  

Table 1. Summary of approximate functions of the cumulative normal distribution. 

Author(s) Year Approximate Function 

Yerukala and Boiroju 

[2] 

2015 

 
Choudhury  

[3] 

2014 

 
Yerukala  
[4] 

2012 

 
Aludaat and Alodat 
[5] 

2008 

 
Bryc 

[6] 

2002 

 
Waissi and Rossin 

[7] 

1996 

 
Lin  

[8] 

1990 

 
Norton  

[9] 

1989 

 
Lin  

[10] 

1989 

 
Hammakar 

[11] 

1978 

 
Hart 

[12] 

1966 

 
Zelen and Severo  

[13] 

1964 

 
Tocher  

[14] 

1963 

 
Hart 
[15] 

1957 

 
Cadwell 
[16] 

1951 

 
Polya 
[17] 

1945 

 
Most of the above-mentioned models have an accuracy range from 0.01 to 0.001.  
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3. Proposed Model 

The proposed model uses the logistic function to build 

the first term of our approximation. The logistic function is 

a continuous probability density function that shares the 

normal distribution in the shape (i.e., bell shape with 

symmetry about the mean). However, it has heavier tails 

(higher kurtosis).  Equations (5) and (6) represent the 

logistic density and cumulative logistic functions, 

respectively.   

f(z) =
e

−
z−α

β

β (1 + e
−

z−α
β )

2 , −∞ < z < ∞                             (5) 

F(z) =
1

1 + e
−

z−α
β

, −∞ < z < ∞                                       (6) 

The best cumulative logistic approximation to the 

cumulative normal distribution can be achieved with using 

the ratio α/β of 1.702. See Equation (7). Figure 1 shows 

the deviation between the logistic cumulative function and 

the cumulative normal distribution of at α/β = 1.702. In 

spite of the best approximation we achieved, the error is 

significant and cannot be used as a good approximate 

without modification. The best logistic approximation to 

the normal distribution is shown in Equation (8). These 

introduced approximations are very simple compared with 

any other approximations, and the accuracy level is very 

acceptable for most engineering and science applications. 

Ф1(z) ≈
1

1 + e−1.702z , −∞ < z < ∞                                (7)  

∅(z) ≈
1.702e−1.702z

(1 + e−1.702z)2
, −∞ < z < ∞                             (8)  

 
Figure 1. The deviation of best fit logistic cumulative function to 

the cumulative normal distribution.  

The previous approximation can be enhanced to be a 

more accurate approximation. We noticed that the shape of 

deviation vs. z curve can be approximated in the middle 

with a damped negative sign wave. with discarding the 

value of sign wave (deviation) over the range of -2 to 2, 

we significantly reduce, as addressed in Equation (9).  

Ф𝟐(𝒛) =
1

1 + 𝑒−1.702𝑧 − 0.0095 sin(2.5𝑧) 𝑒−0.01𝑧2
  − ∞ 

≤ 𝑧 ≤ ∞                                                (9) 

Although the approximation is very good at -2<z<2, the 

deviation is high outside of this region, as shown in Figure 

2. Therefore, we developed a separate second term to be 

discarded from the best-fit logistic function for the region 

(-∞<z<-2 and 2<z<∞). The final approximation is 

addressed in Equation (10).  

 

 

 (10) 

The deviation between the introduced model results 

and real standard normal cumulative distribution results 

with Z score is shown in Figure3. The maximum absolute 

deviation is 0.0012 at z=1.1 and z=-1.1.  

 
Figure 2. The deviation of Equation (9) cumulative density 

function approximation from the actual values.  

 
Figure 3.The deviation of Equation (10) cumulative density 

function approximation from the actual values.  

The proposed approximate function is competitive 

compared to the cumulative logistic approximation 

function, as well as to other different proposed 

approximation functions. Such comparison is shown in 

Table 2.  
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Table 2. Illustration of the proposed model accuracy compared to cumulative logistic function and other approximation functions accuracies 

in term of the deviation approximation from the actual values. 

4. Potential Application of the Model  

The normal distribution can describe the probability 

(uncertainty) of many surrounding of engineering 

measurements. It, for example, describes the uncertainty of 

barometric pressure. If the engineer has not the proper 

device to measure the pressure, he/she can guess center of 

a normal distribution from the previous data and he/she 

would know estimate the pressure. With the current model, 

he/she can approximate the result mathematically with a 

very close result. The deviation of the model result 

approximation from the actual values is not noticeable for 

all engineering application. Furthermore, the normal 

distribution fits many human performance variations. For 

example, the commonly IQ is normally distributed and can 

estimated using the current model. The central limit 

theorem puts the normal curve as most important 

continuous distribution. This is besides the fact that many 

data are very accurately described with normal 

distribution.   

The normal distribution is very popular in the research. 

In this regard, we find more than 6.5 million published 

papers on google scholar dealing with normal distribution 

in various fields. Further, there are 13 papers in Jordan 

journal of mechanical and industrial engineering handling 

the normal distribution [18-30].   

As practical example, our model will be applied on a 

selected case study from Jordan Journal of Mechanical and 

Industrial Engineering.  Aljebory and Alshebeb [19] 

discussed a case study of statistical process control of a 

chemical product. Figure 4 is a snap shot of 𝑋̅ control chart 

for the pH of that product. Assuming a shift happen in the 

Phase II from 𝑋̅ = 9.26 to 𝑋̅ = 10, we can expect the 

average run length to detect the shift or, in other words, the 

number of subgroups required to detect the shift, as 

follows.  

3𝜎𝑋̅ = 10.278 − 9.26 = 1.018 

𝜎𝑋̅ = 0.339 

𝑆ℎ𝑖𝑓𝑡 = 10 − 9.26 = 0.74 

𝑆ℎ𝑖𝑓𝑡 𝑖𝑛 𝑡𝑒𝑟𝑚 𝑜𝑓 𝜎𝑋̅ =
0.74

0.339
= 2.18 

𝛽 = Φ(L − K) − Φ(−L − k) ≅ Φ(0.82) 

By using our model, Φ(0.82)=0.79312, which is very 

close to the actual number 0.7938  

Furthermore, the average run length to detect the shift 

(ARL1) equals to1/(1- 𝛽)=0.79 using the model and it is 

almost the same actual value.  

 
Figure 4. 𝑋̅ control chart for a chemical product discussed in [19] 

The normal distribution occupied a wide area of 

probability and statistics science. As well known, the 

probability and statistics is a major area in the industrial 

and systems engineering, and indeed, it is the background 

of other major areas of industrial and systems engineering.  

5. Conclusion  

In this paper, an approximation to the cumulative 

distribution function is proposed. The best approximation 

of logistic function to the normal distribution CDF is 

found. Then, a second part is added to the logistic function 

approximation to increase the accuracy to reach better 

accuracy level compared with other introduced models. A 

numerical comparison shows that our approximation is 

very accurate with a maximum absolute error of 0.0012 for 

the entire region. 

 

Z Ф(Introduced) Logistic Cadwell Lin 1988 Lin 1989 Lin 1990 Bryc 

-4 2.96098E-05 0.00107201 3.08567E-05 3.06079E-05 4.86714E-06 5.62865E-06 1.03553E-05 

-3.8 3.24454E-05 0.001478192 6.8885E-05 6.84348E-05 8.35073E-06 7.42694E-06 2.77357E-05 

-3.6 3.37333E-05 0.002018822 0.000146014 0.000145852 1.3289E-05 7.86377E-06 6.97113E-05 

-3.4 2.65647E-05 0.002721472 0.000292592 0.000295512 1.93103E-05 5.26687E-06 0.000164983 

-3.2 1.24453E-05 0.00360615 0.000551839 0.000567549 2.48944E-05 1.69102E-06 0.000368331 

-3 7.1871E-08 0.004673872 0.000975503 0.001030156 2.66901E-05 1.22292E-05 0.000776305 

-2.8 4.28237E-07 0.005890706 0.001610124 0.001761942 1.91451E-05 2.09886E-05 0.001544627 

-2.6 1.39324E-05 0.007169 0.002473075 0.002831687 4.7625E-06 1.61284E-05 0.002899789 

-2.4 3.23402E-05 0.008350522 0.003524086 0.004265179 5.05495E-05 1.93149E-05 0.005131209 

-2.2 3.38921E-05 0.009199975 0.004645573 0.006006956 0.000115869 9.90841E-05 0.00854618 

-2 0.000667975 0.009420556 0.005647979 0.007893744 0.000180436 0.000215536 0.013373235 

-1.8 0.000286853 0.008703622 0.006309427 0.009659229 0.000193979 0.000313553 0.019615519 

-1.6 0.000189019 0.006818886 0.006442876 0.010981261 6.73163E-05 0.000267983 0.026884312 

-1.4 0.000469301 0.003737062 0.005967099 0.011564025 0.000324296 0.000112152 0.034274623 

-1.2 0.001074377 0.000247096 0.004950418 0.011228747 0.001113512 0.001024159 0.040363059 

-1 0.001177894 0.00445102 0.003603905 0.009978327 0.00237755 0.002543438 0.04339849 

-0.8 0.000708202 0.007875015 0.002220613 0.008009102 0.004034403 0.004457013 0.041718158 

-0.6 1.72474E-05 0.009459397 0.001080216 0.005663014 0.005707264 0.006146993 0.03437842 

-0.4 0.00051429 0.008495484 0.000354031 0.003336229 0.006583897 0.006635908 0.021986536 

-0.2 0.000475254 0.005027975 4.69985E-05 0.001375983 0.005314561 0.004846699 0.007844134 

0 0 0 0 0 0 0 9.39381E-09 

Maximum 

Absolute error 
0.001177894 0.009459397 0.006442876 0.011564025 0.006583897 0.006635908 0.04339849 
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