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Abstract 

Coping with present-day’s more demanding customer requests on variety, fast delivery, and quality, a growing number of 

corporations constantly redesign their production scheme and reorganize their supply chains. Motivated by the benefits 

gained from postponement policy in multi-item manufacturing systems and response to customer’s actual needs, this study 

adopts a two-machine fabrication scheme to explore the optimal fabrication-delivery policy for a two-stage multi-item system 

with common part, postponement policy and product quality reassurance (including product screening, scrap and rework). In 

the first stage, machine one is utilized to fabricate common parts that shared by all finished products. Then, in stage two, a 

separate machine produces the finished items under a rotation cycle time order. With the help of mathematical modeling, 

optimization methods, and a numerical illustration, our proposed fabrication system is capable of not only deciding the best 

fabrication-delivery policy, but also demonstrating its beneficial choice in cost saving and cycle length reduction in 

comparison with the results from a system using single-machine scheme. 
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1. Introduction 

Postponing product differentiation is an effective 

strategy which is often assessed by production managers 

when planning production of multiproduct that have a part 

in common, for it can reduce production cycle time and 

lower overall fabrication relevant costs. Zinn [1] presented 

four different heuristics to help identify the potentials of 

postponement in order to assess savings of safety stock 

from postponement. He provided a real example to 

applying heuristics to support his findings. Lee and Tang 

[2] developed a model to capture expenses and benefits 

relating to redesign of manufacturing strategy. Their model 

was applied to analyze some special cases of real 

examples. As a result, they identified and formalized three 

different ways of product/process redesigns. They are; the 

standardization, modular design, and process reforming, 

for delaying differentiation from these real examples. 

Some special theoretical cases were also studied to 

characterize the optimal point of product differentiation 

and derive managerial insights. Swaminathan and Tayur 

[3] observed a few leading producers in computer industry 

who adopted the delayed differentiation strategy in 

managing their product lines to lower cost while keeping 

customer service. Although this strategy is a challenging 

assignment, it is used to cope with stochastic demands by 

storing the half-way finished products to serve the 

fabrication needs for multiple end products. Accordingly, 

they modeled the problem as a two-stage integer program 

and employed the structural decomposition along with 

sub-gradient derivative methods in their solution process. 

A computational section is provided to express 

applicability of their solution procedure and offer insights 

on system characteristics, performances, and merits. Van 

Hoek et al. [4] provided a detailed investigation of the 

experiences from firms that handle process changes 

relating to adoption of postponement policy. They 

evaluated the benefits from implementing postponement 

strategy in each business environment, recognized the 

relevant managerial characteristics and potential 

bottlenecks, and suggested on how to successfully carry 

out the postponement strategy. Yang and Burns [5] 

explored the issues of decoupling spot, controlling, 

integrating, and planning capacity of the supply chain 

system from the viewpoint of postponement. Their 

objective was to expand the significance of postponement 

to the real-life supply-chain systems. Kumar and Wilson 

[6] investigated and explored the connection among 

inventory, delayed differentiation, and off-shoring. They 
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pointed out the risks and reasons of off-shoring, the 

costs/benefits of delayed differentiation, and the relations 

and impacts of delayed differentiation and off-shoring on 

stock status. Then, the inventory impact of scenarios 

including diverse levels of delayed differentiation for an 

off-shore fabricated product is investigated using a set of 

real-world data. As a result, the best scenario is 

determined. Sensitivity analysis on the key variables was 

conducted and joint uncertainty owing to demand and 

cycle were identified as the significant input to every 

scenario. For any given strategy, they presented a fast 

approach to identify the dominated point within the 

uncertainty formula that affects stock status. Saghiri and 

Hill [7] explored the effect of supplier relationship on 

adopting delayed differentiation for a buying firm. Three 

separate postponement policies were proposed with 219 

empirical data from manufacturing firms to test for the 

hypothetical connections between supplier relationships. 

The results indicated that buying firm’s ability on 

implementing postponement in product design phase is 

positively related to supplier’s level of commitment, 

anticipation of a long-lasting relationship, and joint actions 

with buyer. But another finding showed that buying firm's 

ability on implementing postponement in procurement 

phase is positively related to only the coordinated actions 

of supplier and buyer. Their findings provided greater 

insight into how different aspects of supplier relationship 

practically impact different types of postponement. Chiu et 

al. [8] derived optimal fabrication-distribution policy for a 

multiproduct system with quality reassurance and product 

differentiation. A single-machine two-stage manufacturing 

scheme is implemented. Consequently, they not only 

decided a closed-form optimal fabrication-distribution 

policy, but also showed a significant system cost savings 

and notable reduction in cycle time in comparison with the 

result from a single-stage scheme. Additional works [9-17] 

that also investigated diverse features of postponement 

issues in manufacturing systems. 

   In real-life production processes, owing due to 

diverse unpredictable factors fabrication of nonconforming 

items is inevitable. Product’s quality assurance has always 

been a challenging and critical task for production 

managers. Studies related to product’s quality assurance 

matters including inspection, scrap, and rework issues 

have been broadly performed in past years [18-42]. To 

cope with present-day’s more demanding customer needs 

in terms of variety, fast delivery, and quality, an increasing 

number of corporations constantly redesign their 

production scheme and restructure their supply chains. 

Motivated by the possible advantages of postponement 

policy in multiproduct manufacturing systems and 

response to actual customer’s needs, this study uses a dual-

machine scheme to reconsider Chiu et al.’s problem [8]. 

The main difference between the present study and prior 

work [8] is that two separate machines are used in our 

proposed scheme, wherein in the first production stage 

machine one fabricates all common parts, and in the 

second stage machine two makes finished products under a 

rotation cycle time discipline, with the intention of further 

reducing cycle time. Past literature showed that combined 

impacts of postponement, quality reassurance, and a two-

machine scheme to the multiproduct fabrication-

distribution problem have not been explicitly explored. We 

aim to fill the gap. 

2. Description, Modeling, and Formulation 

Suppose that demands λi per year for L products must 

be met (where i = 1, 2, …, L) and these products share a 

common part which are produced in advance by a machine 

(i.e., in stage 1, see Figure 1). Then, right after that, in 

stage 2 a second machine manufactures L customized end 

products in sequence (see Figure 2) under a rotation cycle 

discipline. Such a two-machine scheme aims to reduce 

manufacturing cycle length and cut down total fabrication 

relevant cost. In stage 1, the manufacturing rate for 

common parts is P1,0 per year, and the fabricating rate for 

finished items in stage 2 by a separate machine is P1,i per 

year. 

 
Figure 1. Level of on-hand common parts in stage 1 in the 

proposed model with a two-machine manufacturing scheme 

All manufactured items are screened in both stages, 

cost of screening is a part of unit manufacturing cost Ci. 

Assuming xi proportion of defective products may be 

manufactured randomly in both stages of the fabrication 

processes, at a rate of d1,i per year; so d1,i = P1,i xi (where i 

= 0, 1, 2, …, L; and i = 0 represents fabrication of 

common part in stage 1). 
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Figure 2. Level of on-hand finished items in stage 2 (machine 2) 

in proposed model using a two-machine production scheme 

A portion θ1,i of the nonconforming items are scraps 

(where 0 <= θ1,i <= 1) and the rest are rework-able. The 

rework process immediately follows the regular 

fabrication, at P2,i items per year. During the rework, a θ2,i 

portion fails (where 0 <= θ2,i <= 1) that need to be 

scrapped (see Figures 3 and 4). Without permission of 

stock out, we further assume that P1,i – d1,i – λi > 0. In stage 

2, when each rework process ends, fixed-quantity n 

installments of each finished batch are shipped to buyers at 

fixed time interval in t3,i. 

 

 
Figure 3. Inventory levels of on-hand defective common parts in 

stage 1 (left-hand side) and defective finished items in stage 2 

(right-hand side) in a cycle 

 

 

Figure 4. Inventory levels of scrapped common parts in stage 1 

(left-hand side) and scrapped finished items in stage 2 (right-hand 

side) in a cycle 

Inventory level of on-hand common parts awaiting the 

second stage’s fabrication is exhibited in Figure 5. 

Nomenclature is exhibited in Appendix A. 

 
Figure 5. Inventory level of on-hand common parts awaiting the 

second stage’s fabrication 

2.1. Formulations and Mathematical Modeling 

Since the proposed two-stage multi-product EPQ 

system using a two-machine production scheme, it releases 

the workload of fabricating the common intermediate parts 

from machine two. Therefore, an efficient end-item 

fabrication is expected stage two. The proposed solution 

procedure begins with deciding optimal rotation cycle 
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length for stage 2. Then, uses the rotation cycle time for 

fabrication of common parts in stage one.  

In order to satisfy demands, enough capacity must be 

ensured in stage 2 for fabricating L distinct products under 

the rotation cycle discipline. So, the prerequisite formulas 

(1) and (2) must hold: 
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To meet product demands λi and by observing Figures 

2 to 5, we obtain formulas for stage two as follows (for i = 

1, 2, …, L): 
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At buyer’s side, the inventory level in any given cycle 

is illustrated in Figure 6. From where, the following 

equations can be observed: 
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From Figure 3, total holding costs during rework time 

t2,i are as follows: 
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Figure 6.  Inventory level of stocks at the buyer’s in any given 

cycle 

From Figure 5, total holding costs for common parts 

awaiting next stage of fabrication are as follows: 
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In delivering time t3,i (stage 2), total holding costs are 

as follows: 
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In any given cycle, the fixed and variable shipping 

costs are 
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At buyer’s side (Figure 6), total holding costs in a 

given cycle are as follows [8] 
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Therefore, overall system costs in a cycle for stage two, 

TC2(T, n) includes summation of setup, variable 

manufacturing, disposal, and rework costs, producer’s 

inventory and safety stock holding costs, fixed and 

variable shipping costs, and buyer’s holding costs. Hence, 

TC2(T, n) is 
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   By substituting Eqs. (1) to (15) in Eq. (21), and using the expected values of xi to cope with randomness of xi, and after 

additional derivations, E[TCU2(T, n)] becomes 
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where 
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   On the other hand, in stage one, in order to supply in time enough common parts (see Figure 1) to satisfy the needs of 

stage two’s fabrications, machine 1 must fabricate common parts (t1,0 + t2,0) early. By observing Figures 1, 3, 4, and 5, we 

obtain the following formulations directly: 
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For stage 1, total cost in a cycle, TC1(T, n) comprises setup cost, variable manufacturing, disposal, and rework costs, inventory and safety 
stock holding costs. Hence, TC1(T, n) becomes: 
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Substituting Eqs. (24) to (35) in Eq. (36) and using the expected values of xi to cope with its randomness, and after additional 

derivations, E[TCU1(T, n)] becomes 
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   Therefore, E[TCU(T, n)] consists of the expected costs of both stages as follows: 
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2.2. Deriving the Optimal Production and Shipment Policy 

To decide the optimal fabrication-distribution policy, the convexity of E [TCU2(T, n)] has to be proved first. That is Eq. (42) the Hessian 

matrix equations [43] must hold. 
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From Eq. (22) we have 
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   By substituting equations (44), (46), and (47) in Eq. (42) and after more derivations, Eq. (48) can be obtained. 
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   Since T and Ki are both positive, so Eq. (48) is 

positive. Therefore, for all n and T different from zero 

E[TCU2(T, n)] is strictly convex. Then, to simultaneously 

decide the fabrication and distribution policies, the linear 

system of the first derivatives (Eqs. (43) and (45)) of 

E[TCU2(T, n)] with respect to T and n, needs to be 

solved, respectively. Let these partial derivatives equal to 

zero and with extra derivations, the following can be 

gained: 
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and 
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3. Numerical Example with Sensitivity Analysis 

In this section, we use a numerical example to explain 

the practical usage of our obtained results. Suppose five 

end items have annual demand rates λi: 3,800, 3,600, 

3,400, 3,200, and 3,000 units; and α = 0.5. We first assume 

the linear relationship between α and relevant system 

variables. Hence, in stage 1 we have P1,0 = 120,000 

(calculating by P1,0 = (1/α) * (the mean of P1,i’s)) and P2,0 

= 96,000 (computing by P2,0 = (1/α) * (the mean of P2,i’s)). 

The same linear relationship is also applied to other system 

variables and to relieve readers’ comparison efforts, we 

adopt the same values of parameters as in [8] as follows: 

K0  = $8,500, 

C0  = $40, 

CR,0 = $25, 

CS,0 = $10, 

h1,0 = $5, 

h2,0 = $15, 

h4,0 = $5, 

x0   = uniformly distributed over the interval of [0, 0.04], 

θ1,0 = 0.2, 

θ2,0 = 0.2, 

P1,i  = 128,276, 124,068, 120,000, 116,066, and 112,258 

units, respectively; and P1,i = 1/(1/P1,i – 1/P1,0), 

P2,i  = 102,621, 99,254, 96,000, 92,852, and 89,806 units, 

respectively; and P2,i = 1/(1/P2,i – 1/P2,0), 

Ki  = $10,500, $10,000, $95,000, $90,000, and $8,500, 

respectively, 

Ci   = $80, $70, $60, $50, and $40, 

CR,I = $45, $40, $35, $30, and $25, 

CS,I  = $30, $25, $20, $15, and $10, 

θ1,i  = 0.30, 0.25, 0.20, 0.15, and 0.10, 

θ2,i  = 0.30, 0.25, 0.20, 0.15, and 0.10, 

xi   = uniformly distributed over the ranges of [0, 0.01], [0, 

0.06], [0, 0.11], [0, 0.16], and [0, 0.21], respectively, 

h1,i = $30, $25, $20, $15, and $10, 

h2 i = $50, $45, $40, $35, and $30, 

h4,0 = $30, $25, $20, $15, and $10, 

K1,I = $2,200, $2,100, $2,000, $1,900, and $1,800, 

CTi = $0.5, $0.4, $0.3, $0.2, and $0.1, 

h3,i = $90, $85, $80, $75, and $70, respectively. 

Applying equations (49), (50), and (41), we found n* = 

3, T* = 0.4444, and E[TCU(T*, n*)] = $2,209,197. The 

impacts of different cycle times T to E[TCU(T, n)] is 

depicted in Figure 7. 

 
Figure 7. The impacts of different cycle times T to E[TCU(T, n)] 

Figure 8 shows joint impacts of diverse expected values 

of xi and φi on E[TCU(T, n)]. As both expected values of xi 

and φi increase, E[TCU(T, n)] goes up significantly. These 

analytical results revealed the important/realistic 

information on production quality costs. 

The behavior of E[TCU(T, n)] with respect to the 

completion rate α of common part is displayed in Figure 9. 

It indicates that as α increases, E[TCU(T, n)] decreases 

significantly, and a savings in cost 4.63% revealed at α = 

0.5. That is the system costs decline to $2,209,197 (from 

$2,316,483) in comparison with the result from a prior 

work which utilized a fabrication scheme with a single 

stage. 

 
Figure 8. Joint impacts of diverse expected values of xi and φi on 

E[TCU(T, n)] 
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Figure 9. Behavior of E[TCU(T, n)] with respect to the 

completion rate α 

For comparison purpose, Figure 10 exhibits impacts of 

different values of completion rate α to T* for both the 

fabrication schemes with single-machine and two-

machine. It reveals that as α increases, T* decreases 

significantly, and T* has reduced by 24.75% at α = 0.5 

(i.e., it declines from 0.5906 to 0.4444) as compared to the 

result from a prior work which employed a fabrication 

scheme with single stage [30]. Additional analysis also 

indicates that T* has reduced 3.39% further (at α = 0.5) 

comparing to the result from a two-stage fabrication 

scheme using one machine [8]. Clearly, the fabrication 

cycle length (or response time) is notably reduced in the 

proposed fabrication scheme in comparison with either the 

single-stage [30] or the two-stage single-machine 

production models [8]. 

 
Figure 10. The impacts of different values of completion rate α to 

T* for both the fabrication schemes with single-machine and two-
machine 

3.1. Exploration of Nonlinear Cost Relationship 

This section examines the nonlinear relationship 

between α and its corresponding fabrication cost. It is 

assumed that ‘α^(1/3)’ is the relating factor. Therefore, we 

have C0 = [α^(1/3)]C1 = [(0.5)^(1/3)]($80) = $63, so its 

fabrication cost (or value) is higher than $40 as assumed 

linearly. Similarly, the following values of other 

parameters can also be obtained: h1,0 = $8, K0 = $13493, 

h2,0 = $24, CS,0 = $16, h4,0 = $8, and CR,0 = $40. For stage 

2, we also have CR,i = $30, $25, $20, $15, and $10, 

respectively; C,i = $57, $47, $37, $27, and $17; Ki = 

$5,507, $5,007, $4,507, $4,007, and $3,507; and CS,i are 

$24, $19, $14, $9, and $4; and xi are uniform distributed 

over the ranges [0, 0.01], [0, 0.06], [0, 0.11], [0, 0.16], and 

[0, 0.21], respectively. Other values of parameters remain 

the same as in earlier sub-section: x0= [0, 0.04]; θ1,0 = 0.20; 

θ2,0 = 0.20; φ0 = 0.36; scrap rates θ1,i = 0.10, 0.15, 0.20, 

0.25, and 0.30; θ2,i = 0.10, 0.15, 0.20, 0.25, and 0.30, 

respectively; P2,0 = 96,000; and P1,0 = 120,000. 

Applying equations (49), (50), and (22), we found T* = 

0.3659, n* = 3, and E[TCU(T*, n*)] = $2,164,111. The 

behavior of E[TCU(T, n)] with respect to different α values 

under both nonlinear and linear relationships is displayed 

in Figure 11. It shows that as α increases, E[TCU(T, n)] 

declines. Specifically, E[TCU(T, n)] is reduced by 2.04% 

at α = 0.5. That is a savings of $45,086 (for it decreases 

from $2,209,197) in comparison with the result from the 

earlier linear case. This analytical outcome reveals as 

common part’s value is higher, E[TCU(T, n)] decreases 

further in comparison with the earlier linear case. 

 

Figure 11. The behavior of E[TCU(T, n)] with respect to different 
α values under both nonlinear and linear relationships 

Figure 12 illustrates the impacts of different values of α 

to T* for both two-machine and single-machine 

manufacturing schemes under both nonlinear and linear 

relationships. It specifies that as α increases, T* declines 

notably. Moreover, at α = 0.5, T* is shortened by 17.66% 

(i.e., it decreases from 0.4444 to 0.3659) in comparison 

with earlier linear case. Additional analysis points out that 

at α = 0.5, T* is cut down by 8.32% (i.e., T* declines from 

0.3991 to 0.3659) in comparison with the result in a prior 

work on a multiproduct two-stage single-machine 

manufacturing system with postponement and under the 

same nonlinear relationship [8]. Finally, if we judge the 

obtained results of nonlinear relationship case against that 

of a single-stage multi-item production system [30], we 

realize a significant 38.05% reduction in production cycle 

time at α = 0.5 (i.e., T* declines from 0.5906 to 0.3659). 

 
Figure 12. The impacts of different values of α on T* for both 

two-machine and single-machine manufacturing schemes under 

both nonlinear and linear relationships  
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4. Conclusions 

A two-machine fabrication scheme is proposed to re-

explore a multiproduct manufacturing system featuring 

commonality of part, postponement strategy, and quality 

assurance (which was investigated previously [8] using a 

single-machine scheme). The objective is to further 

shorten the cycle time. Distinctively, in the first fabrication 

stage, machine one exclusively fabricates all common 

parts that needed by production of end products, and in 

stage two, a separate machine fabricates the end-product 

under a rotation cycle time discipline. With the help of 

mathematical modeling, optimization methods, and a 

numerical illustration, the proposed system is capable of 

not only deriving the best fabrication-delivery policy (see 

Figure 7), but also demonstrating that the proposed 

fabrication scheme is a beneficial choice in saving cost and 

shortening fabrication cycle length (Figures 9–12) in 

comparison with that obtained from a single-machine 

scheme. 

The obtained analytical results exclusively expose the 

following valuable managerial information: (a) the 

behavior of E[TCU(T, n)] with respect to α; (b) the impacts 

of different α values to T* for both the fabrication schemes 

with single-machine and two-machine, and under both 

nonlinear and linear relationship of component’s value; (c) 

the behavior of E[TCU(T, n)] with respect to α for both 

nonlinear and linear relationships. 

In summary, without an in-depth exploration on such a 

particular multi-item system utilizing a two-machine 

manufacturing scheme, the aforementioned valuable 

information remains inaccessible to managerial decision 

makings. For future research, examining effect of machine 

failure on the operating decisions is a practical direction. 
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Appendix A 

Nomenclature  

For i = 0, 1, 2, …, L 

Qi =  fabrication batch size, 

φi  = scrap rate of product i, where 0 <= φi <= 1, 

t1,i = uptime of product i, 

t2,i = rework time of product i, 

t3,i = shipping time of product i, 

H1,i = level of perfect quality product i when regular production ends, 

H2,i = level of perfect quality product i when rework process finishes, 

Ki  = setup cost, 

Ci  = unit manufacturing cost, 

CR,i = unit rework cost, 

CS,i = unit disposal cost, 

h1,i = holding cost per product, 

h2,i = holding cost per reworked item, 

h4,i = holding cost per safety stock, 

For i = 1, 2, …, L 

K1,i = fixed cost per delivery of product i, 

CT,i = unit shipping cost of product i, 

tn,i = fixed time interval between two succeeding deliveries, 

Hi = level of common part in the beginning of fabrication of end item i, 

Ic(t)i = customer’s stock level of product i at time t, 

h3,i = holding cost per product for customer’s stock, 

Ii = the left-over quantities of product i in each tn,i, at customer’s side, 

Di  = quantities of finished items for product i per delivery. 

Other notation: 

T = rotation cycle length – a decision variable, 

n  = number of deliveries per cycle – a decision variable, 

α = common part’s completion rate in comparison with finished product, 

E[T] = the expected fabrication cycle length, 

TC1(T, n) = stage one’s total cost per cycle, 

E[TC1(T, n)] = stage one’s expected cost per cycle, 

E[TCU1(T, n)] = stage one’s expected cost per unit time, 

TC2(T, n) = stage two’s total cost per cycle, 

E[TC2(T, n)] = stage two’s expected total cost per cycle, 

E[TCU2(T, n)] = stage two’s expected total cost per unit time, 

E[TCU(T, n)] = the expected system cost per unit time. 

 

 


