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Preface  

Welcome to the first issue of the 2014 volume of the Jordan Journal of Mechanical 
and Industrial Engineering (JJMIE), launch in 2007. Our Journal is a refereed 
international journal founded by the Higher Committee for Scientific Research at the 
Ministry of Higher Education and Scientific Research, and published by the Deanship 
of Scientific Research and Graduate Studies at the Hashemite University of Jordan. 
JJMIE has provided a forum for scientists to share their research in all areas of 
mechanical, industrial, material, mechatronics, biomedical engineering.  Articles in 
the journal considered industrial application as basic and applied studies in the above 
areas.  

This issue contains seven interesting research papers covering various aspects of 
energy (solar energy, biodiesel and biomass), stress-strain analysis (Neuber method, 
equivalent strain energy density method, FEM, Stress intensity factor; Stress analysis, 
crack parameters), and laser cutting and Fuzzy Bayesian Network; (i) Design and 
Performance Assessment of a Parabolic Trough Collector; (ii) Performance and 
Combustion Characteristics of a DI Diesel Engine Fueled with Jatropha Methyl Esters 
and its Blends; (iii) Gasification of Solid Waste Biomass; (iv) A New Method for 
Calculating Notch tip Stresses and Strains Based on Neuber Method and ESED 
Method under Multiaxial Loading; (v) Stress Intensity Factors for Crack Located at an 
Arbitrary Position in Rotating FGM Disks; (vi) Comparison between Taguchi Method 
and Response Surface Methodology (RSM) in Modelling CO2 Laser Machining; (vii) 
The Reliability Analysis of Horizontal Vibration of Elevator Based on Multi-State 
Fuzzy Bayesian Network. The methodology employed in these research articles 
ranges from analytical and empirical models to experimental studies. 
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Design and Performance Assessment of a Parabolic Trough 
Collector 

Jamil Al Asfar*, Osama Ayadi and Ahmed Al Salaymeh 
Mechanical Engineering Department, The University of Jordan, Amman 11942, Jordan 

Abstract 

Parabolic trough collectors (PTCs) represent a p roven source of thermal energy for industrial process heat and power 
generation; unfortunately it is still not highly implemented due to technical and economical barriers. 

In recent years, environmental issues have focused attention on green energy resources, improving the chance for PTCs to be 
commercially competitive in the market. The Middle East region is considered an interesting area for implementing solar 
energy projects since the sun is shining most of the year with high direct irradiance values.  

In this study, a six meter long parabolic trough collector was designed, constructed and tested to assess its performance.  The 
result of this work proves the efficiency and potential of such green energy sources for both local society and decision-
makers. The mechanical analysis of the structure of the trough was simulated both manually and using the finite element 
software ABAQUS. The experimental test focused on direct steam generation, temperature variation with mass flow rate and 
thermal efficiency. The maximum steam temperature measured was 123˚C at a pressure of 2 bars, and the maximum 
efficiency obtained was 22.4%. 
 
Keywords: Solar Energy; Concentrated Solar Power; Parabolic Trough Collector; Direct Steam Generation. 

                                                           
* Corresponding author. e-mail: jasfar@ju.edu.jo, jamilasfar@yahoo.com. 

1. Introduction  

A legend has it that Archimedes used a "burning glass" 
to concentrate sunlight on the invading Roman fleet and 
repel it from Syracuse (Sicily). In 1880 John Ericsson 
constructed the first known parabolic trough collector. He 
used it to power a hot air engine. In 1907, the Germans 
Wilhelm Meier and Adolf  R emshardt obtained the first 
patent of parabolic trough technology. The purpose was 
the generation of steam [1, 2]. 

In 1913, the English F. Shuman and the American C.V. 
Boys constructed a 45 kW pumping plant for irrigation in 
Maadi, Egypt, which used the energy supplied by trough 
collectors. The pumps were driven by steam motors, which 
received the steam from the parabolic troughs. The system 
was able to pump 27,000 liters of water per minute. 
Despite the success of the plant, it was shut down in 1915 
due to the onset of World War I and also due to lower fuel 
prices, which made more rentable the application of 
combustion technologies [3]. 

In this study, a six-meter long parabolic trough 
collector was designed, constructed with the least possible 
cost, and tested to assess its performance. Thermal, optical 
and mechanical analyses of the parabolic trough were 
done. 

Simple available materials in the Jordanian market 
were used due to a limited budget. The work was 
completed through several stages; the first stage was to 

deal with the theory and mathematical equations for the 
design of a parabolic trough collector, while the second 
stage was to manufacture the components and parts 
needed. The third and fourth stages were designing and 
building the PTC according to design criteria. The last 
stage was testing and measuring the temperature and 
pressure of the obtained steam at several running tests to 
calculate the efficiency of the manufactured six meter long 
PTC. 

2. CSP Projects in Jordan  

There are still no s erious CSP projects in Jordan, but 
there are some experimental small-scale projects in 
operation: 
2.1. Dead Sea Spa Hotel  

Parabolic troughs are used to generate hot water to 
drive a t wo-stage ammonia absorption chiller in summer 
and to pre-heat domestic hot water in winter. The system 
consists of three rows of parabolic solar collectors 
connected in series with a total number of fourteen 
collectors.  

The reflectors are made of 0.8mm Aluminum sheets 
covered with Aluminum coating, the HTF is distributed 
among the collectors through 38mm steel pipe which is 
insulated with 80mm Rockwool. The absorber tube is 
connected to the distribution pipe via stainless steel 
flexible connectors [4]. 
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2.2. Mutah University Tri-Generation CSP Project  

The project is located at the Roof top of the engineering 
department of Mutah University. It utilizes CSP 
technology for a Tri-Generation of electricity, Water 
Distillation, and Cooling/Heating.  

The project comprises 40 C SP parabolic trough 
reflector panels that cover 240 m2 of solar matrix area to 
generate 120 kW thermal power (kWth) peaks with 15 kW 
electrical (kWe), 100 kWth heating and 20 kWth cooling; 
it also can produce 150 L/Hr of distilled water [5]. 

3. Theoretical Background 

3.1. Thermal Analysis of PTC 

A parabolic trough solar collector takes the radiant 
energy from the sun and converts it to useful thermal 
energy in the heat transfer fluid (HTF) that circulates 
through the solar field. Once the geometry and thermal 
properties are defined, the thermal performance and energy 
gained by the HTF can be calculated under different 
configurations and meteorological conditions. 

In measuring the thermal efficiency, we apply different 
flow rates at noontime and record the temperature 
difference. The input energy is the beam irradiance 
incident on the aperture multiplied by the projected 
reflector area. The irradiance can be measured using a 
pyranometer. The thermal efficiency is given by [1, 2] 

 
                 (1) 

 where: 
 is the mass flow rate in the pipe and can be measured by 

recording the time for filling a specific mass, 

ΔT is the difference between the outlet and inlet temperatures 
measured by thermocouples (K). 

Cp  is the specific heat of water = 4.2 kJ/kg.K. 

Gb is the beam irradiance at the time of test (kW/m2). 

A is the projected reflector area (m2). 

3.2. Stress Analysis:  

A mechanical analysis of the trough was done, this was 
important to predict if mechanical failure may occur in any 
of the components.  

As mentioned, the effect of wind on t he trough is an 
important factor that has to be analyzed. The force 
produced by wind on the trough can be calculated by the 
generic formula for actual wind speed: 

                                               (2) 

 where: 

P is the wind dynamic pressure,  

A is the projected area  

Cd is the drag coefficient 

 

And per unit length  

 

The weight of the trough will also have a distributed 
load effect (270 N/m) on the trough as shown in figures 1 
and 2, those two figures show the action and reaction 
forces acting on the trough, in addition to shear force and 
bending moment diagram. 

Figure 1.The action and reaction forces acting on the trough.

Figure 2. Shear force and bending moment diagrams. 
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Using an appropriate software, the above boundary and 
loading conditions were introduced to obtain the 
deformation and maximum allowable stress as shown in 
Figures 3-5. The obtained results showed that the loading 
conditions are within the elastic limits of the complete 
structure. 

Figure 3. Modelling of the PTC collector. 

Figure 4. Loading conditions of the PTC. 

Figure 5.The equivalent Von-Mises stresses. 

4. Manufacturing and Testing 

The manufacturing process of the locally manufactured 
CSP is illustrated in the following set of figures: 

Figure 6. Tube rolling and welded frame.  

Figure 7. Stainless steel mirror used in the project. 

Figure 8. Receiver tube and glass tube.  

4.1. Experimental Setup 

The PTC will be tested in an open circuit flow. The 
inlet valve is connected to a water supply line and the inlet 
temperature of the flow is close to ambient temperature. 
Before the outlet, a pressure gauge which can read up to 14 
bar is connected, next to it is a K -type thermocouple 
connected using a T-connection and a pierced plug. The 
thermocouple wire is inserted in the plug's small hole and 
held in it using epoxy droplet glue to avoid water leakage 
especially at high pressure. After the end valve a one meter 
length of PEX pipe is connected to send the steam to the 
air in a s afe way. Sun tracking is done manually and is 
held in position using a rope connected between the PTC 
frame and ground. The bearing structure is installed on 
wheels to adjust the solar south and test the system at 
different positions. 

The components of the final product including the 
measuring and flow control devices used are illustrated in 
Figure 9 a nd table 1, while the manufactured system 
characteristics and the cost of the system components from 
local market are presented in tables 2 and 3. 

Figure 9. PTC components and test rig description (see table 1 for 
items 1-21). 
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Table 1. PTC components (see Fig. 9). 

1 Outlet water tank 12 Pulley 

2 Four bar pressure pipe 13 Stand 

3 Pressure gauge 14 Connection shaft 

4 Thermocouple 15 Receiver holders 

5 Outlet pipe 16 Rope 

6 Outlet valve 17 Space frame structure 

7 
Thermocouple wire 

inlet to pipe 
18 End shaft 

8 Pressure relief valve 19 Inlet valve 

9 Absorber pipe 20 Inlet pipe 

10 Reflecting material 21 Pillow block bearing 

11 Glass tube   

 
Table 2. System characteristics. 

No. of PTC modules 2 

Concentration Ratio 21 

Rim angle 100º 

Focal length 0.35 m 

Aperture width 1.67 m 

Length (per module) 3 m 

Total row length 6 m 

Total surface area of 
reflecting mirrors 12 m2 

Total aperture area 10.02 m2 

Tracking axis  orientation North–south 

Absorber pipe inner/outer 
diameter 25/32 mm 

Receiver Absorptivity 85% 

Mirror Material (Reflectivity)  Stainless steel 68% 

Frame material iron 

HTF 
Direct steam generation 
(open feed) 

 

 
 
 

Table 3. Cost analysis of system components.  

 

Part 

Name 

No. 

Of 
Parts 

Used 

Material 

Cost 

(JD 
Per 

Part) 

Total 
Cost  
JD 

1 Frame 2 Cast Iron 50 100 

2 Mirror  
Sheet 6 Stainless 

Steel 30 180 

3 Bearing 3 Cast Iron, 
steel 4 12 

4 Pylons 
Holders 3 Cast Iron 10 30 

5 Short 
Shafts 2 

Steel, 
1005-

1009, Cd 
2 4 

6 Long 
Shafts 1 

Steel, 
1005-

1009, Cd 
1 1 

7 Long 
bolts 12 Cast Iron 0.02 0.24 

8 Short 
Bolts 6 Cast Iron 0.02 0.12 

9 Nuts 6 Cast Iron 0.01 0.06 

   
Total cost 327.42 

4.2. Time Constant Testing  

An aspect of collector testing is the determination of 
the heat capacity of a collector in terms of a time constant. 
It is also necessary to determine the time response of the 
solar collector in order to be able to evaluate the transient 
behaviour of the collector and select the correct time 
intervals for the quasi-steady-state or steady-state 
efficiency tests. The time constant of a collector is the time 
required for the fluid leaving the collector to reach 63.2% 
of its ultimate steady value after a step change in incident 
radiation. The procedure for performing this test is as 
follows. The heat transfer fluid is passed through the 
collector at the same flow rate. The aperture of the 
collector is shielded from the solar radiation by defocusing 
the collector and the temperature of the heat transfer fluid 
at the collector inlet is set approximately equal to the 
ambient air temperature. When a s teady state has been 
reached the collector is focused again and measurements 
continue until steady-state conditions are achieved again. 
For the purpose of this test, a steady-state condition is 
assumed to exist when the outlet temperature of the fluid 
varies by less than 0.05°C per minute. The temperature at 
63.2% steady state is given as follows: 

   (3)           

 where Ti is the inlet temperature  

To is the outlet temperature, and τ is the time constant. 
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5. Results  

5.1. Time Constant  

Figure 10 s hows the temperature 
response of the collector with three 
different values of mass flow rates. The 
average value of the time constant is τ = 
4.25 min. 
 

 

 

 

 

                                     Figure 10. Temperature response of the collector with three different values of mass flow rate. 

 

5.2. Thermal Efficiency  
The normal irradiance on t he 

collector surface was measured to be 
Gn= 1032 W /m2, so the thermal 
efficiency was calculated using equation 
1 as:  

 
 

 

                      

                                    Figure 11. The relation between exit temperature and mass flow rate. 

 
 

For a fixed inlet temperature of 27 ˚C, the maximum 
outlet temperature in the test reached 123 ˚C at low flow 
rate, as shown in Figure 11. 
5.3. Steam generation process 

The required flow rate to generate steam was 2.642 
L/hr, it gave superheated steam at 123˚C and 2 bars. The 
enthalpies at the inlet and outlet are 113.23 and 2731.15 
kJ/kg, respectively. The thermal efficiency for the steam 
generation can be calculated as the following: 

The peak thermal efficiency obtained during the test 
was 22.4%. Steam was generated with temperatures up to 
123○C and a pressure of 2 ba rs at low flow rate of 2.64 
L/hr. 

6. Conclusion  

A parabolic trough solar collector was designed, 
constructed and tested with acceptable performance and 
results. The length of the PTC was 6m with an aperture 
width of 1.67m, a rim angle of 100º and concentration  
ratio of 21. The surface consisted of 304 AB stainless steel  

sheets (2×1× 0.00045 m3) and the frame was made of iron 
tubes. The collector's sun tracking was adjusted manually  

while ABAQUS software was used for the mechanical 
design of the bearing structure. The peak thermal 
efficiency obtained during the tests was 22.4%. Steam was 
generated with temperatures up to 123 ̊ C and a pressure of 
2 bar at low flow rate of 2.64 L/hr. 
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Abstract 

This study discusses the performance and combustion characteristics of a direct injection diesel engine fueled with Jatropha 

methyl ester (JME). In order to determine the performance and combustion characteristics, the experiments were conducted 

at the constant speed mode (1500rpm) under the full load condition of the engine on a single cylinder 4-stroke CI engine. The 

results indicate that when the test engine is fuelled with JME, the engine performance slightly weakens, the combustion 

characteristics slightly change when compared to a petroleum based diesel fuel. The biodiesel causes reduction in carbon 

monoxide (CO), unburned hydrocarbon (HC) emissions, but they cause increases in nitrogen oxides (NOx) emissions. 

The useful brake power obtained is similar to diesel fuel for all loads. The oxygen content in the exhaust is more with JME 

blend due to the fact that fuel itself contains oxygen .The trend of oxygen emission is similar to diesel fuel for all loads. Since 

JME contains 11% oxygen by weight and this oxygen helps to oxidize the combustion products in the cylinder, especially in 

rich zones, the addition of JME decreases CO emission. Although there has not been a significant difference in NOX 

emissions at part load. NOx is slightly increased due to the higher combustion temperature and the presence of fuel oxygen 

with the blend at full load. JME as a new Biodiesel and its blends can be used in diesel engines without any engine 

modification. 
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1. Introduction 

Increasing global concern due to air pollution caused 

by internal combustion engines has generated much 

interest in the environmental friendly diesel fuels. 

However, increasing number of diesel vehicles will 

probably bring the same air pollution problem again in the 

coming years. These forecasts have triggered various 

research studies in many countries to replace petroleum 

based diesel fuel with oxygenated fuels such as biodiesel, 

ethanol, etc. Although the fuel properties of biodiesel show 

some variations when different feedstocks are used, it has 

a higher cetane number, near-zero aromatic, and free 

sulphur, compared to conventional diesel fuel [1]. The fuel 

properties of biodiesel are affected by its fatty acids 

content, which causes differences in the injection, 

combustion, performance and emission characteristics of 

the engine. Many researchers have concluded that 

biodiesel holds a promise as an alternative fuel for diesel 

engines, since its properties are very close to diesel fuel. 

The fuel properties of biodiesel such as cetane number, 

heat of combustion, gravity, and viscosity influence the 

combustion and so the engine performance and emission 

characteristics because it has different physical and 

chemical properties from petroleum-based diesel fuel [2]. 

The combustion timing in CI engines is mainly affected by 

the start if injection and the ignition delay, which is the 

time between the start of injection and start of combustion. 

The ignition delay time is mostly affected by cetane 

number. The biodiesel has a higher cetane number than 

diesel fuel; therefore, it shortens the ignition delay time 

and advances the combustion timing [7]. 

 The objective of the current study is to investigate the 

use of Biodiesel and to reduce the emissions of all regulate 

pollutants from diesel engines. A single cylinder, water-

cooled constant speed direct injection diesel engine was 

used for experiments. HCs, NOx, CO, CO2 of exhaust gas 

were measured to estimate emission; various engine 

performance parameters, such thermal efficiency, brake 

specific fuel consumption, etc., were calculated. 

2. Production of Jatropha Methyl Ester from Jatropha 

Curcas 

Jatropha curcus L. is a draught resistant annual shrub 

that belongs to the family of Euphorbiaceae. The oil has a 

golden yellow color and is prepared from the seeds of 

jatropha curcas. These seeds are black in color and oval. 

Biodiesel, which is synthesized by transesterification of 
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vegetable oils or animal fats sources, is a realistic 

alternative of diesel fuel because it is produced from 

renewable resources and involves lower emissions than 

petroleum diesel. The processed form of vegetable oil 

(biodiesel) is considered as the potential fuel to replace 

petroleum diesel in CI engines. In addition, it is 

biodegradable and contributes a minimal amount of net 

greenhouse gases or sulfur to the atmosphere [6]. The 

transesterification process combines the oil with an 

alcohol. The most common form of biodiesel is made with 

methanol and vegetable oils in the presence of a suitable 

catalyst. Additionally, the process yields glycerol. It is 

derived from crushing the Jatropha seed and by using large 

mechanical expellers. It is also important to note that most 

of the experiments conducted on biodiesel are mainly 

obtained from refined edible type oils only. The price of 

refined oils such as sunflower, soybean oil and palm oil 

are high as compared to that of diesel [10].  

This increases the overall production cost of the 

biodiesel as well. Biodiesel production from refined oils 

would not be viable as well as economical for the 

developing countries like India. Hence, it is better to use 

the non-edible type of oils for biodiesel production. In 

India, non-edible type oil yielding trees, such as linseed, 

castor, karanji, neem, rubber, jatropha and cashew, are 

available in large numbers. The production and utilization 

of these oils are low at present, because of their limited 

end usage. Utilization of such oils/biodiesel as fuels in 

internal combustion engines does not only reduce the 

petroleum usage, but also improves the rural economy. 

Efforts are made here to produce biodiesel from a refined 

Jatropha seed oil, and to use it as the fuel in diesel engines. 

3. Transesterification Process 

JME was synthesized in a reactor vessel using both 

NaOH & KOH as a catalyst. The ester preparation 

involved a two-step transesterification reaction followed 

by washing and drying. The two-step reaction utilized a 

100% excess methanol, or a total molar ratio of methanol-

to-oil of 6:1 with methanol equally divided in two steps. 

1000gm was placed dry flask equipped with a magnetic 

stirrer and thermometer. In another flask, approximately 

300gm of methanol was mixed with 7gm of NaOH until all 

of the catalyst dissolved. 

 This mixture was quickly added to the oil and stirred 

vigorously for 1 hr maintaining temperature 55-60degree 

Celsius [11]. After 24 hr, ester layer is set up on the upper 

part and glycerol is set up on the lower part. Then using a 

separating funnel glycerol is separated and ester is poured 

into another flask. Finally, the ester is dried by silica gel. 

4. Properties of Pure Biodiesel 

Table 1.  Properties of pure biodiesel 

S. N Properties 
ASTM 

standards 
JME100 DIESEL 

1 Density in gm/cc ASTM D4052 0.88 0.825 

2 
Viscosity in 

centistoke 
ASTM D 445 3.5 2.25 

3 Flash point 0 C ASTM D 93 170 66 

4 Pour Point   0 C ASTM D 2500 6 10 

6 Calorific  Value 

(MJ/Kg.) 
ASTM D 6751 38.8 42.00 

7 Cetane  number ASTM D 6751-02 52 48 

Table  2.  Engine Details: 

Engine KIRLOSKAR  

General Details 
Single cylinder, Four Stroke, CI, 

 Water cooled, TV1  

Bore X Stroke 87.5mm X 110mm 

Compression Ratio 17.5:1 

Capacity 661cc 

Rated Output 5.2kW at 1500 rev/min 

Injection pressure 200 kg/cm2 

Dynamometer Rope brake with Mechanical loading 

5. Experimental Setup 

The experiment was set up using the following 

equipment. The engine used for experimentation is a 

Kirloskar make computerised diesel engine used in 

agricultural applications. The piezo sensor has a range of 

5000 PSI. The crank angle sensor has a resolution 1 Deg, 

speed 5000 rpm with TDC marker pulse. Engine indicator 

is used for data scanning and interfacing, with speed 

indicator. Rotameter is used for the water flow 

measurement. Digital thermocouple type temperature 

sensors are used as a temperature indicator. 

 

Figure  1.  Schematic of Experimental Setup 
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6. Methodology and Experimental Procedure 

 Tests have been conducted on a four stroke, direct 

injection; a naturally aspirated single cylinder diesel 

engine is employed for the present study. The detail 

specification of engine is given in table 1. The injection 

was performed at a static injection timing (optimum) of 

23o BTDC set for diesel fuel. To obtain the baseline 

parameters, the engine was first operated on diesel fuel. 

Performance and emission tests are carried out on the 

diesel engine using JME, and its various blends. The tests 

are conducted at the rated speed of 1500 rpm at various 

loads and blends are prepared by volume basis, i.e.  

JME10, JME20, JME30, JME40, JME50. Similar 

experiments were conducted over the same diesel engine. 

The experimental data generated are documented and 

presented here using appropriate graph.  

In each experimental phase, the engine parameter is 

related to the thermal performance of the engine such as 

brake thermal efficiency; specific fuel consumption and 

applied load are measured. Mainly, at the given loading 

conditions, a comparative analysis of the engine 

performance on the PME, and its blends with diesel and 

their emission were investigated. Load on the engine is 

steadily increased.  

At each interval, the readings are taken on the manual 

instrumentation or logged onto the computer analysis 

software; the variables gathered can then be used with the 

engine specifications to calculate the characteristics which 

determine the performance of the fuel on the engine during 

operation.  

 

Combustion process and Combustion rate in CI engine 

Combustion is the process of burning of the fuel in the 

presence of oxygen to produce heat. The formation of NOx 

is dependent on the temperatures during the combustion, 

the amount of O2 and N2 in the charge, and the time 

available for them to react with each other in the 

combustion chamber. The combustion process in CI 

engines is mainly divided into three phases. The first phase 

of combustion is called ignition delay, in which the tiny 

fuel droplets evaporate and mix with high temperature (or 

high pressure) air. This period depends mainly on cetane 

number, and temperatures of fuel and air. The second 

phase of combustion is called period of rapid combustion 

or premixed combustion. In this phase, the air-fuel mixture 

undergoes rapid combustion; therefore, the pressure rise is 

rapid and releases maximum heat flux. The third phase of 

combustion is called period of controlled combustion. In 

this period, the fuel droplets, injected during the second 

stage, burns faster with reduced ignition delay due to high 

temperature and pressure. In the third phase, the pressure 

rise is controlled by the injection rate and the combustion 

is diffusive mode.  

The combustion rate has an effect on NOx production. 

More premixed combustion means a high initial rate of 

combustion, which increases NOx. Premixed combustion 

corresponds to the fuel that is mixed with air and prepared 

to burn during the ignition delay period. When this fuel 

auto ignites, it usually burns very quickly. Cetane number 

and fuel volatility are the two most important properties 

that determine the combustion rate. A biodiesel with a high 

cetane number is expected to shorten the ignition delay 

period and, thus, lower the amount of fuel that is involved 

with the premixed portion of the biodiesel combustion, 

thus lowering NOx emission. 

7. Results and Discussions 

7.1. Engine Performance and Emission Test Analysis 

The performance of DI-CI engine was evaluated in 

terms of fuel consumption, brake specific fuel 

consumption and brake thermal efficiency, which are 

discussed as follows: 

7.1.1. Brake Thermal Efficiency 

The variation of brake thermal efficiency with respect 

to load for both fuels and their blends is shown in the 

following graph. Brake thermal efficiency of JME and its 

blends is slightly lower as compared to that of diesel. The 

BTE increases as the output power increases for both the 

fuels. 

 
Figure  2. Variation of brake thermal efficiency for JME Blends 

and diesel 

7.1.2. Brake Specific Fuel Consumption 

The variation of brake specific fuel consumption with 

respect to load for both fuels and their blends is shown in 

the following graph. JME has a lower calorific value than 

that of the diesel. Hence the specific fuel consumption is 

higher than that of diesel for JME and its blends. For all 

loads, the fuel consumption of JME is more than that of 

diesel. It is also observed that the fuel consumption 

slightly decreases for lower percentage blends of JME and 

the reason is attributed to the improved combustion caused 

by increased evaporation and spray characteristics. 

Figure 3. Variation of brake specific fuel consumption for JME 

blends and diesel. 
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7.1.3. Indicated Power 

The variation of indicated power with respect to load 

for both fuels and their blends is as shown in the following 

graph:  The indicated power is slightly lower for JME 

blends than diesel. 

Figure 4. Variation of indicated power for JME Blends and diesel 

The biodiesel also contains some amount of oxygen 

molecule in the ester form. It also takes part in the 

combustion. For JME20, this reveals that the effective 

combustion takes place and there is saving with respect to 

exhaust gas energy loss. This fact is reflected in brake 

thermal efficiency and brake specific fuel consumption as 

well.  

7.1.4. Mechanical Efficiency 

The variation of mechanical efficiency with respect to 

load for both fuels and their blends is as shown in the 

following graph. The mechanical efficiency for JME 

blends and diesel are close to each other. 

Figure 5. Variation of Mechanical efficiency for JME Blends and 

diesel 

7.1.5. Exhaust Gas Temperature 

Figure 6 shows the variation of exhaust gas temperature 

with load for both fuels and their blends. It is observed that 

the exhaust gas temperature increases with load because 

more fuel is burnt at higher loads to meet the power 

requirement.

 It is also observed that the exhaust gas temperature 

increases with percentage of JME in the test fuel for all the 

loads. This may be due to the oxygen content of the JME, 

which improves combustion and thus may increase the 

exhaust gas temperature. 

Figure 6: Variation of exhaust gas temperature for JME Blends 

and diesel 

Two fuels and their blends were tested. It is found that 

specific fuel consumption decreased with the increase in 

the load. Using lower percentage of JME in JME-diesel 

blends, the brake specific fuel consumption of the engine 

is lower than that of diesel for all loads. In case of PME50, 

the brake specific fuel consumption is found to be higher 

than that of diesel. At full load condition, the specific fuel 

consumption of JME is 15% higher than that of the diesel. 

It may be noted that the calorific values of JME is 7% 

lower than that of the diesel. With the increase in JME 

percentage in the blends, the calorific value of fuel 

decreases. 

7.2. Engine Emission Parameters 

With problems like global warming, ozone layer 

depletion and photochemical smog in addition to 

widespread air pollution, automotive emission are placed 

under the microscope and every possible method is 

attempted to reduce emission. Following Engine Emission 

parameters are evaluated for JME and its blends with 

diesel. 

7.2.1. Carbon Monoxide 

The variation of carbon monoxide with respect to load 

for both fuels and their blends is as shown in the following 

graph. The formation of CO emission mainly depends 

upon the physical and chemical properties of the fuel used. 

It is observed that the CO emission of jatropha biodiesel is 

less than that of diesel fuel. The decrease in CO emission 

for JME is attributed to the high cetane number and the 

presence of oxygen in the molecular structure of the 

jatropha biodiesel. CO is predominantly formed due to the 

lack of oxygen. Since JME is an oxygenated fuel, it leads 

to better combustion of fuel, resulting in the decrease in 

CO emission. 
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Figure 7. Variation of carbon monoxide for JME Blends and 

diesel 

7.2.2. Hydrocarbons 

The variation of hydrocarbons with respect to load for 

both fuels and their blends is as shown in the following 

graph. HC emissions reduced drastically, but the higher 

HC emissions are observed for the blend at low load 

conditions. At low load conditions, the quantity of fuel 

injected is lower resulting in a leaner mixture, quenching 

of flame and lower gas temperature results in incomplete 

combustion leading to higher HC emissions. The HC 

emission of the jatropha biodiesel are less than that of 

diesel fuel due to higher cetane number (52) and inherent 

presence of oxygen (9%) in the molecular structure of the 

jatropha biodiesel. 

Figure  8. Variation of Hydrocarbons for JME blends and diesel 

7.2.3. Carbon Dioxide 

Figure 9 shows that, for both fuels, the increasing trend 

of carbon dioxide (CO2) emission levels are observed with 

power output. This increasing trend of CO2 emission is due 

to the increase in volumetric fuel consumption. It is 

observed that the CO2 emission of jatropha biodiesel is 

less than that of diesel fuel. This is attributed to the 

presence of oxygen and high cetane number of jatropha 

biodiesel. 

 

Figure 9. Variation of Carbon dioxide for JME blends and diesel 

with power output 

7.2.4. Nitrogen Oxide 

The variation of nitrogen oxide with respect to load for 

both fuels and their blends is as shown in the following 

graph and bar chart. Results show, for both the fuels, the 

increased engine load promoting NOx emission. Since the 

formation of NOx is very sensitive to temperature, these 

higher loads promote cylinder charge temperature, which 

is responsible for thermal (Zeldovich) NOx formation. The 

jatropha biodiesel   produces slightly more NOx than 

diesel. The increase in NOx emission is attributed to the 

presence of mono-unsaturated and poly-unsaturated fatty 

acids present in the jatropha biodiesel. NOx gradually 

increases with the increase in percentage of PME in the 

fuel. The NOx increase for JME may be associated with 

the oxygen content of JME, since the oxygen, present in 

the fuel, may provide additional oxygen for NOx 

formation. The formation of NOx emissions are governed 

mainly by the magnitude of peak cylinder temperature and 

the crank angle at which it occurs. 

Figure 10: Variation of nitrogen oxide for JME blends and diesel
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Figure 11: Variation of nitrogen oxide for JME blends and diesel 

with brake power 

8. Conclusion 

The performance, emission and combustion 

characteristics of a single cylinder direct injection CI 

engine fuelled with JME and its blends have been analyzed 

and compared to the base line diesel fuel. The results of 

present work are summarized as follows: 

8.1. The specific fuel consumption increases with the 

increase in the percentage of JME in the blends due to 

the lower calorific value of JME. 

8.2. Methyl ester of Jatropha oil results in a slightly 

increased thermal efficiency as compared to that of 

diesel. 

8.3. It is also observed that the exhaust gas temperature 

increases with percentage of JME in the test fuel for all 

the loads. 

8.4. The brake specific fuel consumption values for the 

engine running with biodiesel are higher than the 

engine running with normal diesel by a maximum of 

10%.  

8.5. The tests on engine running with different fuels 

(biodiesel and diesel) have resulted in almost 

overlapped P-V diagrams. The engine running with 

biodiesel has produced slightly higher in-cylinder 

pressure and peak heat release rate than the engine 

running with normal diesel. 

8.6. CO emission is low at higher loads for methyl ester of 

Jatropha oil when compared with diesel. The increase 

in NOx emission of jatropha biodiesel is attributed to 

the mono and poly unsaturated fatty acids. 

8.7.  JME satisfies the important fuel properties as per 

ASTM specification of biodiesel and improves the 

performance, combustion and emission characteristics 

of engine significantly. 
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Abstract 

Gasification of solid waste biomass was performed in this study using an updraft gasifier of a fluidized sand bed with date 
seeds as fuel and air as fluidizer. The date seeds were washed, dried, crushed and sieved to obtain different particle sizes. The 
thermo physical properties of date seeds, such as higher heating value, were evaluated experimentally. The fluidization 
velocity was calculated theoretically to achieve the gasification process of date seed. 

It was found that the gasification of date seeds occurred at 550 ̊C temperature with 355-500μm particle size and 2.22 m/s 
fluidization velocity. The higher heating value of date seed was 17,700 kJ/kg. The carbon content in date seed was little 
above 50%, which indicates that the solid waste of biomass date seed represents a valuable renewable source of energy in the 
near future if utilized correctly. 
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Nomenclature 1. Introduction 

Biomass is a biological material derived from living, or 
recently living organisms, that can be harvested as part of 
a constantly replenished crop. Biomass includes five main 
categories, which are: virgin wood, energy crops, 
agricultural residues, food waste and industrial waste. To 
convert biomass into fuel to produce energy, either direct 
burning, digestion or gasification is used [1].        

Gasification is the process of converting 
fossil based carbonaceous materials into syngas fuel, 
which is a mixture of carbon monoxide and hydrogen. This 
is achieved by incomplete burning of the material at high 
temperatures without complete combustion, using rich 
mixture to produce syngas. The power derived from 
gasification of biomass and combustion of the syngas later 
is considered a source of renewable energy [2-3]. 

Janajreh and Al Shrah [4] used downdraft gasification 
system using wood to investigate its conversion efficiency. 
Wood chips of 0.5 cm thickness; 1-2 cm width and 2-2.5 
cm length constitute the feedstock to the downdraft 
gasifier.  It was found that the conversion rate of wooden 
pellets increased with increasing air flow, while the 
heating value of the producer gas reached the maximum 
value, then decreased as a result of dilution by cold air. 
Zainal et. al. [5] studied the effect of equivalence ratio in 
downdraft gasifiers on the conversion of wood chips. They 
found that the hydrogen production increased linearly with 
the equivalence ratio, whereas carbon monoxide, methane 
and the calorific value of produced gas reached a maxima, 
then declined as the equivalence ratio further increased due 
to the dilution effect of air. It was observed that the 
phenomenon of bridging which occurs when shredded 
chips create a bridge that obstructs the continuing flow of 

 Volume of bed, [ ] 

 Volume of sand, [ ] 
m Mass, [kg] 
A Area, [ ] 
h Height of bed, [m] 

 Density of air, [ ] 

 Density of solid, [ ] 

 Porosity 

A Ash 
VM Volatile material 

 Dynamic viscosity, [ ] 

 Mass flow rate of air, [ ] 

 Stoichiometric fuel to air ratio, [ ] 

 Actual fuel to air ratio  

 Equivalence ratio 

 Mass flow rate of solid, [ ] 

 Volumetric flow rate of air [  

HHV 
Higher heating value, [ ] 

LHV 
Lower heating value, [ ] 

DAF Dry ash free 
FC Fixed carbon 
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the wood pellets causing high localized temperatures 
inside the gasifier. Their work showed that bridging was 
reduced by using a 60o angled-throat that provides smooth 
gravitational flow of wood through the combustion zone. 

Joardder, Md. Uddin, & M. N. Islam [6] studied the 
converting of date seed waste into activated carbon and 
bio-fuel by fixed bed pyrolysis reactor. The date seeds in 
particle form were pyrolysed in an externally heated fixed 
bed reactor with nitrogen as the carrier gas. The reactor 
was heated from 400°C to 600°C. A maximum liquid yield 
of 50% wt. and char of 30% wt. were obtained at a reactor 
bed temperature of 500°C with a running time of 120 
minutes. The oil is found to possess favorable flash point 
and reasonable density and viscosity. The higher calorific 
value was 28,636kJ/kg, which is significantly higher than 
other biomass derived. Minutillo [7] studied the plasma 
gasification technology. He developed a thermo chemical 
model to estimate the syngas composition and the energy 
required for gasification in plasma arc gasification reactor 
using air as plasma gas. The model was used to optimize 
the reactor performance under different operating 
conditions. M. Erol et. al. [8] developed new correlations 
for calculating the heating values of (20) twenty biomass 
fuels from their proximate analyses data with measured net 
heating values varying between 15,410 and 19,520kJ/kg.  

The biomass studied included rapeseed, potato peel and 
soybean cake. The biomass samples were ground and 
sieved into a powder with a particle size of 0.180–0.250 
mm and analyzed to obtain net heating values and contents 
of moisture, volatile matter, fixed carbon and ash. 

Al-Widyan et. al. [9] studied direct burning of 
Jordanian olive cake (OC) in pulverized form in a vertical 
tube furnace with equivalence ratios from 0.8 to 1.4. The 
furnace design proved acceptable, and the pulverized OC 
burned efficiently. The maximum thermal and combustion 
efficiencies were 69% and 82%, respectively. The 
maximum flame temperature reached 980C̊, and the 
cooling water temperature gradient was about 20°C. 
Exhaust gas analyses showed that the concentration of CO 
was below 1.6%, while the NOx emission was within 550 
ppm and the SOx maximum concentration was 30 ppm. 

In this study, gasification technology of dry updraft 
type gasification will be implemented to gasify solid waste 
biomass of date seed. 

Figure1. Schematic diagram of an updraft gasifier [2]. 

A schematic diagram of an updraft gasifier is presented 
in Fig. 1, while Fig. 2 shows the position of biomass 
compared to coal on the O/C-H/C graph known as Van 
Krevelen diagram. To convert biomass to useful energy 
forms, gasification seems to be a promising thermo 
chemical technology. Physical and Chemical changes that 
take place during gasification of biomass are similar to 
typical carbonaceous material decomposition. These 
changes include drying, devolatilization, heat conduction, 
fissuring, shrinkage, and fragmentation of solid particles 
[3]. 

 

Figure 2. Van Krevelen diagram illustrating the composition and 
heating value of biomass compared to coal. 

2. Theoretical Background 

The chemical reaction during which a fuel is oxidized 
and a large quantity of energy is released is called 
combustion. The most common oxidizer used is air 
because it is free and available. Fuel combustion process is 
complete if all the carbon in the fuel burns to carbon 
dioxide (CO2), all the hydrogen burned to water vapour 
(H2O), and all the sulfur, if it exists, burns to sulfur 
dioxide (SO2). That is, all the combustible components of 
a fuel are burned to completion during the process. On the 
other hand, if the fuel combustion process is incomplete, 
the combustion products contain any unburned fuel or 
components such as carbon (C), hydrogen (H2(g)), carbon 
monoxide (CO(g)), or OH. Gasification is best described as 
an incomplete combustion process because the products 
are carbon monoxide and hydrogen gases (CO(g) and H2(g)) 
only. Controlling the air-fuel ratio is the key to have an 
incomplete combustion process, or gasification [10-11]. 
The chemical reaction of complete combustion of a fuel 
composed of carbon and hydrogen only is: 
CxHy + a (O2(g) + 3.76 N2(g))   

        x CO2(g) + (y/2) H2O(v) + 3.76a N2(g) 
where; a = x + y/4. 

2.1. Fuel-Air Ratio 
The mass ratio of the amount of fuel burned to the 

amount of air used in complete burning of the fuel is called 
the Fuel-Air ratio (F/A). When burning a solid, the 
ultimate analysis of the fuel gives the weight percentage of 
each component of the fuel. The stoichiometric Fuel-Air 
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ratio is found using the values of fuel components 
resulting from the ultimate analysis as: 

The actual F/A has a different value from the 
stoichiometric value. The difference between the two 
values depends on many parameters, such as elevation, 
pressure and temperature. The ratio between the 
stoichiometric and the actual Fuel-Air ratios represents the 
Equivalence Ratio ( ), found as:                 

The equivalence ratio can be less, greater or equal to 1. 
If (  < 1), the actual Fuel-Air ratio is more than the 
required amount for a complete combustion and the 
mixture is said to be rich. If (  = 1), the actual Fuel-Air 
ratio is equal to the stoichiometric Fuel-Air and the 
mixture is said to be stoichiometric. Finally, if (  > 1), the 
Actual Fuel-Air ratio is less than the required amount for 
complete combustion and the mixture is said to be lean. 
Gasification seeks a rich mixture to get the unburned 
elements from the fuel which can be done by increasing 
the value of the actual Fuel-Air which means (  < 1) [10-
13]. 

2.2. Solid Fuels 
Solid fuels find little practical applications because of 

the problems in handling the fuel as well as in disposing 
off the solid residue or ash after combustion. Compared to 
gaseous and liquid fuels, solid fuels are difficult to handle. 
Feeding of a solid fuel in any practical application is quite 
cumbersome. Due to previous problems and complications 
in the design of the fuel feed systems, solid fuels have 
become unsuitable to burn in their solid form, and attempts 
to generate gaseous and liquid fuels from solid fuels were 
carried out [10]. 

2.3. Fluidization of Solids 

Burning of solids is much more complicated than 
burning liquids and gases. Solid fuels may be burned 
directly, but the most efficient method to burn a solid fuel 
is the fluidized bed combustion. In fluidized bed 
combustors, air is blown through the biomass bed. The bed 
under such conditions behaves like a boiling fluid and has 
an excellent temperature uniformity. The bed also provides 
a good contact between gaseous and solid phases. Using 
fluidized bed combustion to burn solids is preferred for 
many reasons such as liquid like behaviour is easy to 
control and automate, rapid mixing, uniform temperature, 
high rate of heat and mass transfer rates, and applicable for 
both large and small scale operations [10-12]. 

Experiments showed that the fluidization velocity is 
related to the pressure drop of the bed. Fluidization occurs 
when the upward force exerted by the fluid on the particles 
is sufficient to balance the net weight of the bed. When 
this condition is applied, the particles begin to separate 
from each other and float in the fluid. Fig. 3 shows the 
relation between the pressure drop and the fluidization 
velocities [13]: 

 
Figure 3:  Pressure drop vs. velocity 

When burning a solid, the minimum fluidization 
velocity and the terminal velocity must be known to limit 
the range of accepted velocity. Any velocity, less than the 
minimum fluidization velocity, does not give a fluidized 
bed. Similarly, any velocity, bigger than the terminal 
velocity, will result in dispersion of bed [12]. 

In this study, the minimum fluidization velocity and the 
terminal velocity to limit the range of operation were 
estimated using the equations below: 

2.3.1. Minimum Fluidization Velocity,  [12] 
The minimum fluidized bed velocity is evaluated as 

follows: 

 
Where: 

 : Porosity of bed,  =  

Terminal velocity ( ),  

Desired velocity ( ),  ,  

which lies in the range of fluidization velocity. 
 
The combustion products from complete combustion of 

biomass generally contain nitrogen, water vapour, carbon 
dioxide and oxygen. In gasification, where there is a 
surplus of solid fuel and due to incomplete combustion, the 
products are combustible gases like carbon monoxide, 
hydrogen and traces of methane and other non useful 
products like tar and dust. The production of these gases 
takes place by the reaction of water vapour and carbon 
dioxide through a glowing layer of charcoal. The purpose 
of the gasifier is to create conditions such that the biomass 
is reduced to charcoal and charcoal is converted at suitable 
temperature to produce CO and H2 [14-16]. 
2.3.2. Chemical Processes 

In this work, an updraft gasifier system was used, with 
air as the fluidizer and date seed as the fuel. Four processes 
took place in the updraft gasifier as the fuel makes its way 
to gasification. These processes are drying, pyrolysis, 
combustion and reduction. Drying the feed is the main 
process in this zone. Various experiments on different 
gasifiers at different conditions have shown that the 
average condensate formed was about 6-10% of the weight 
of the gasified feed. 
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Some organic acids also come out during the drying 
process. These acids give rise to corrosion of gasifiers. In 
the pyrolysis process, the products depend upon 
temperature, pressure and heat losses. Up to 200oC 
temperature, only water is driven off. Between 200 and 
280oC, carbon dioxide, acetic acid and water are driven 
off. The real pyrolysis, which takes place between 280oC 
and 500oC, produces large quantities of tar and gases 
containing carbon dioxide.  

The combustion reduction reaction is exothermic and 
yields a theoretical oxidization temperature. The main 
reactions are: 

C(s) + O2(g) = CO2(g) 
2H2(g) + O2(g) = 2H2O(v) 

The products of partial combustion are water, carbon 
dioxide and some pyrolysis products. The pass through a 
red hot charcoal bed where the following reactions take 
place: 

C(s) + CO2(g) = 2CO(g) 
C(s) + H2O(v) = CO(g) + H2(g) 
CO(g) + H2O(g) = CO2(g) + H2(g) 
C(s) + 2H2(g) = CH4(g) 

The first two reactions are the main reductive reactions 
and they are endothermic, which reduces the gas 
temperature. Many experiments show that the lower the 
reduction zone is, the lower the calorific value of the gas 
[10, 14]. 

3. Analysis 

The experimental feed rate of both date seed particles 
and air should be estimated carefully to achieve 
gasification, not combustion. The following procedure 
shows the theoretical calculation of needed minimum 
fluidized bed velocity, actual fuel air ratio and mass flow 
rate of air and date seed particles, taking into consideration 
the dimension of apparatus and manufactured stainless 
steel gasifier pipe. 

Volume of bed =   = h x  = 0.0145 x 5.9x   

= 8.55 x   

Volume of sand =  =  =   

= 11.964 x    

Porosity =  =  

 =  = 0.399 

Terminal velocity =  

 

Minimum fluidization velocity =  = 

0.0055   

           = 0.0055 ( ) x 

 = 0.0458  

Desired velocity at  = =  = 

2.2157  

Air flow rate at  =  =   

  = 2.2157 x 0.4225 x 5.9 x   

= 5.523 x     = 0.5523  

Stoichiometric Fuel-Air ratio =    

=  = 

 

 

Gasification seeks a rich mixture (  > 1), values of the 
actual Fuel-Air ratio (  defers linearly with the 
equivalence ratio. Many tests were done with different 
values of equivalence ratio to change the actual Fuel-Air 
ratio and find the most suitable value for gasification. It 
was found that at (  = 1.49), gasification can be noticed 
and the parameters can be read easily by the gas analyzer. 
The relation between the actual Fuel-Air ratio and the 
equivalence ratio is plotted in Fig. 4 using the value of 

 = 0.153  as constant. 

 

 

Figure 4.  Actual fuel-air ratio vs. equivalence ratio 

4. Experimental Work 

The updraft gasifier was used in this work to gasify 
date seed. This gasifier, as shown in Fig. 5 and Fig 7, 
consists of a stainless steel pipe of 27.5 mm diameter that 
has a steel mesh welded above the bottom. The steel mesh 
has 600 holes to allow air to pass through it. Sand grains 
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were put on the mesh to form the fluidized bed. 
Fluidization occurs when air passes through the bed of 
sand at a specified velocity. The pipe was heated to 550oC, 
and then feed falls on the bed to allow the gasification 
process to take place. The gas produced is taken from a 
small outlet at the top of the pipe. A gas analyzer is used to 
estimate the percentage composition of the gases with 
time. The temperature of the bed was measured every 
second of the experiment using a thermocouple that is 
inserted into the pipe. 

4.1. Preparation of Date Seed 

4.1.1. Drying:  
The first step in preparing the date seed was to dry 

them in an oven at 105 ̊C for two hours. Drying was done 
to get rid of the moisture inside the seed and to prevent it 
from kneading when crushed. 

4.1.2. Crushing:  
After drying, the seed were crushed in a Jaw Crusher 

machine to prepare for sieving them in different particle 
sizes.  

4.1.3. Sieving:  
Separating each particle size from another is done using 

the shaker. The smallest sieve size is put in the bottom 
while the biggest sieve is put on the top as shown in Fig.5. 

 

 
Figure. 5.  Sieving shaker machines. 

4.2. Thermophysical Properties of Date Seed 

Proximate analysis and ultimate analysis were carried 
out to find the Fuel-Air ratio of the gasification process of 
date seed. Other thermophysical properties of date seed 
were estimated experimentally and are given in table 1. 
The density of date seed particles was determined using 
Archimedes method of volumes by the displacement of 
water; since the fluidization velocities calculation uses the 
true density which does not include the voids between the 
particles. So, this method was used because it finds the 
volume of the particles only and the voids are filled with 
water. 
4.3. Updraft Gasifier 

The combustion chamber was manufactured from a 
stainless steel pipe of a circular cross section area. Air 
enters from the bottom of the pipe through a small lane 
and passes through an iron mesh where the bed of sand 
lies. Feed is introduced manually from the top by another 
lane to be gasified. The pipe was heated in an oven for 24 
hours to get rid of the dust and other dirt in the holes of the 

iron mesh and to prevent any obstacles to stand in the air 
path. 
Table 1. Ultimate (dry, Ash free basis) and proximate (as 
received) analyses of date seed 

Analysis  wt % 

Ultimate:  

   C 50.84 

   H  6.83 

   N 4.45 

   S  0.00 

   O 37.88 

Proximate:  

   Fixed carbon 16.311 

   Volatile matter  77.699 

   Moisture  5.01 

   Ash  0.98 

   Density, kg/m3 1680 

   LHV, kJ/kg 16400 

   HHV, kJ/kg 17700 

Product gases from the gasification process are taken 
from the pipe outlet directly to a cooling basin. The gas 
passes through a cylindrical glass pipe filled with small 
crushed pieces of cut glass. The cut glass is inserted into 
the glass pipe to increase the passing area of gases. To 
determine the concentrations of each combustible species, 
a gas analyzer was connected to the cooling basin. The 
measurement of the volumetric concentration of O2(g), 
CO(g) and CO2(g) were recorded during the gasification 
process.  

The temperature of the fluidized bed during 
gasification was measured and recorded using a 
thermocouple of type “K” and a data logger to study the 
variation of the temperature of the fluidized bed with time 
from the beginning of feed entering until the gas analyzer 
rests. The gas analyzer used and gasification complete 
system are shown if Fig. 6 and Fig. 7. 

 
Figure 6.   Gas Analyzer
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Figure 7.    Experimental Apparatus 

5. Results 

The following figures represent the main findings of 
this work. These figures show the fluidized bed 
temperature, the concentration of oxygen and carbon 
monoxide during the gasification process. 

Figure 8.  Fluidized bed temperature with time 

It is noticed from Fig. 8 that the temperature of the 
fluidized bed decreased in the first stages of feeding due to 
heat transferred from the bed to the seed. While it started 
to increase up to 595̊ C when gasification occurred since 
the chemical reaction of gasification is exothermic. This 
also indicates that complete combustion did not take place; 
otherwise the temperature will increase to higher values. 

 
Figure 9.   Oxygen concentration with time 

From Fig. 9, it is seen that the level of oxygen, O2(g) 
decreased with time which indicates clearly that 
gasification is going on. 

 
Figure 10. Volumetric concentration of CO(g) with time 

Fig. 10 shows that the volumetric concentration of 
carbon monoxide, CO(g) has increased. This increase is not 
due to dissociation of carbon monoxide; since the 
temperature did not reach 850̊ C. This increase assures that 
gasification, not combustion, occurred successfully in this 
work. 

6. Conclusion 

In this study, the use of an updraft gasifier, with a 
fluidized sand bed to gasify date seed, proved to be a 
successful method to utilize agricultural solid waste. It was 
also found that the higher heating value of date seed 
reached 17,700kJ/kg, while the gasification process took 
place at 550̊ C temperature with 355-500μm particle size 
and 2.2157 m/s fluidization velocity. This ensures that 
solid waste of bio mass represent a valuable renewable 
source of energy in the near future if utilized correctly.
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Abstract 

A modified version of Neuber method and ESED method for calculating elasto-plastic notch tip stresses and strains in 

bodies subjected to proportional multiaxial loading, in which only the heat energy is considered as a dissipation and the 

stored energy is regarded as a contribution to local stress and strain ranges, has been developed in this paper. The method 

considers the material constant of yield stress in response to the difference between before and after the plastic phase. This 

approach makes the calculated results tend to be more precise and reveals its energy meaning, considers the elastic-plastic 

properties of material itself and avoids the blindness of selecting coefficient values. Finally, the calculated results using 

modified model are validated with the Finite Element Method. It is shown that, for the case of cyclic loading, the modified 

method further improves the accuracy of the original Neuber method and ESED method in predicting the nonlinear stress-

strain behavior of notches. It is also shown that the modified model proposed in this paper can easily be used for a calculation 

of the local stress-strain relationship. 
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1. Introduction 

There are various kinds of notches in engineering 

applications, which lead to stress concentration. The 

mechanical structures in practical application mostly work 

under cyclic loading. The loading mode may be uniaxial 

cyclic loading, or likely to be multiaxial cyclic loading [1]. 

Fatigue life prediction of notched components in complex 

service conditions requires the local stress-strain 

relationship to be known. Although accurate calculations 

are not intractable, they are difficult and lengthy especially 

for a long arbitrary cyclic loading. Therefore, approximate 

methods [2-3] are widely used in engineering practice. So 

far, a few approximate methods [4-6] for description of the 

nonlinear stress-strain behavior of notches have been 

developed. Ayhan Ince and Grzegorz Glinka [7] has 

developed a computational modeling method of the 

multiaxial stress-strain notch analysis to compute elastic-

plastic notch-tip stress-strain responses using linear elastic 

finite element results of notched components. In this paper, 

a modified method is proposed considering the material 

constants of yield stress. The benefit of this approach is to 

consider the elastic-plastic properties of material itself and 

avoid the blindness of selecting coefficient values. The 

Neuber method and ESED method were used to calculate 

the stresses and strains at the notch tip of the LD5 shaft 

under the tensile-torsional proportional loading. A 

modified model was proposed to calculate the stresses and 

strains of the same specimen on the basis of the analysis of 

the above methods [8-9]. 

 It was proved that the proposed modified model is 

available and practicable by the comparing the calculated 

results with the FEM results. 

2. Stress-Strain Analysis and Constitutive Relations 

When the stress range of notch tip is under the uniaxial 

state, the state of stress and strain can be expressed as:  

 
Figuer1.  Notch tip stress and strain state 
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At the same time, in the case of multiaxial loading, the 

state of stress and strain can be represented as: 
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The elastic-plastic stress-strain constitutive relation is 

usually derived from uniaxial stress strain curve based on 

elastic-plastic theory and it can be written as: 
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where v is poisson's ratio, E is elastic modulus,  ij  are 

the strain components,  ij  are the stress components,  ij is 

Karen Necker coefficient,  eq is the equivalent stress,  p

eq
 

is the equivalent plastic strain and ijS  are stress deviators. 

3

2
 eq ij ijS S  ,

2

3
  p p p

eq ij ij  , 

1

3
   ij ij kk ijS  , 

11 22 33     kk ,   p

eq eqf . 

 Here,   eqf  is the function of stress and plastic strain in 

the case of uniaxial tension and compression. 

3. Neuber Method 

The Neuber rule was initially proposed for a notched 

body under pure shear stress state, but is most often used 

for notches under a tensile or bending load (Fig. 2). 

Neuber rule is written in the form of eq.(4) which relates 

the theoretical stress concentration tK , the actual stress 

concentration K and the actual strain 

concentration K factors: 

2

 tK K K                                                       (4) 

where： 
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where, 
tK  is the theory elastic stress concentration 

factor, K  is the strain concentration factor, K  is the 

stress concentration factor,  n  is the nominal stress, 

superscript e represents the corresponding item analyzed 

by linear elastic and superscript N represents the 

corresponding item calculated by Neuber rule.  

In the case of notched bodies in plane stress resulting in 

an uniaxial stress state in the notch tip, Neuber's rule eq.(4) 

can also be written in the form which relates the elasto-

plastic strain 22

N  and stress 22

N  components to the 

hypothetical linear elastic notch tip strain 
22

e  and stress 

22

e .  

22 22 22 22   e e N N

                                            (6) 

Thus, when the notch tip is subjected to a uniaxial 

stress state (as in plane stress), eq.(6) represents the 

equality of the total strain energy density at the notch tip as 

shown in Fig.3. The total strain energy density is defined 

as the sum of the strain energy density and the 

complementary energy density. A relationship similar to 

eq.(6) can also be written for notched bodies in strain. 

There are three stress components and four strain 

components when the structures are subjected to multiaxial 

loading. That is to say, there are a total of seven unknown 

parameters. However the constitutive equations can only 

provide four equations. Therefore three additional 

equations are required. Eq.(6) can be expanded in the case 

of multiaxial loading and its tensor form is given by 

     i,j=1,2,3   e e N N

ij ij ij ij                    (7) 

It has been proved that this equation has energy 

meaning. Fig.2 shows that, in the case of uniaxial stress 

state (such as plane stress), the total strain energy density 

in plastic state equals to that in the linear elastic state, 

namely the rectangular AFOH and the rectangular BEOM 

have the same area. 

 
Figuer2. Principle of Neuber Method 

 
Figuer3. Principle of ESED Method 
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It has been reported that it is more convenient to 

describe Eq.(7) using the principal stress and strain in the 

case of proportional loading, so there are five unknown 

parameters and five equations are required. Then Eq.(7) 

can be rewritten as: 
 

2 2 3 3 2 2 3 3

e e e e N N N N                       (8) 

Meanwhile it has been experimentally proven that in 

the case of multiaxial loading the stress and strain 

distribution ratio can be assumed as: 
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e e E E

e e e e E E E E
            (9) 

The constitutive equations can provide the following 

three equations: 

 
 

 1 2 3 2 3
2


    


    

N

eqN N N N N

N

eq

fv

E
      (10) 

 
 

 2 2 3 2 3

1
2

2


    


   

N

eqN N N N N

N

eq

f
v

E
      (11) 

 
 

 3 3 2 3 2

1
2

2


    


   

N

eqN N N N N

N

eq

f
v

E
      (12) 

where:  

   
2 2

2 2 3 3      N N N N N

eq   

So Eqs.(8-12) can be employed to calculate the stresses 

and strains by Neuber method. 

4. ESED Method. 

The equivalent strain energy density (ESED) 

relationship was initially proposed [15] for a notched body 

in plane stress, and is given as an equality of strain energy 

densities at the notch tip by Molski, Glinka et al.[16-17], 

which is based on the assumption that the strain energy 

density distribution in the plastic zone ahead of a notch tip 

is the same as that determined on the basis of the pure 

elastic stress-strain solution. In the case of monotonic 

loading and uniaxial stress condition at the notch tip, 

ESED method can be expressed in the form 

22 22

22 22 22 22
0 0

 

    
e E

e e E Ed d            (13) 

where superscript E represents the corresponding item 

calculated by ESED method. 

Fig.3 shows that the strain energy density equals to that 

in elastic state although the stress range of notch is in the 

plastic region, namely the shadow area and the triangle 

area OBM are equal. The equivalent strain energy density 

method needs the following expression to solve the 

problem under multiaxial loading 

 

    (14) 

where  

  pE pE

eq eqf ，    
2 2

2 2 3 3      E E E E E

eq  

Similarly the stress and strain distribution ratio can be 

given as: 

2 2 2 2

2 2 3 3 2 2 3 3

   

       


 

e e E E

e e e e E E E E        (15) 

Therefore Eqs.(14-15) and constitutive equations are used 

to calculate the stresses and strains by ESED method. 

5. Modified Model  

On the basis of the analysis of results of notch tip 

subjected to multiaxial loading, a quantitative relationship 

between Neuber method and the equivalent strain energy 

density (ESED) method is found. It is shown that, in the 

case of elastic range, both Neuber method and ESED 

method get the same estimation of the local stresses and 

strains, whereas in the case of elastic-plastic range, Neuber 

method normally overestimates the notch tip stresses and 

strains, while ESED method tends to underestimate the 

notch tip stresses and strains. In other words, the upper 

limit of the stresses and strains can be obtained by Neuber 

method and the lower limit is given by ESED method. 

Through the above analysis, the following points can be 

given: first, the yield strength limit should be reflected in 

response to the difference between before and after the 

plastic phase; secondly, the results calculated by modified 

model should locate between the upper limit and lower 

limit in order to avoid large errors of calculated results. So 

calculation model should be modified based on the above 

two reasons [18-19]. 

Providing the further quantitative analysis for Fig.2 and 

Fig.3 and considering the stress-strain relationship, it can 

be found that the shaded area calculated by Neuber method 

is larger than that calculated by the equivalent strain 

energy density method. Difference area roughly equals to 

trapezoidal area BCFE (Fig.4), which provides the idea to 

modify the stress and strain calculation model under 

multiaxial loading. 
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Figuer4. Principle of Modified Model 

 
Figuer5. Shape and Dimensions of Specimen 

In this paper, the essence of the modified model is 

based on Neuber method and ESED method. According to 

the above analysis, the results calculated by modified 

model should locate between the results calculated by 

Neuber method and ESED method. Then calculation 

model is processed by using the principal stress and strain: 

 

   (16)
   

In this paper the yield strength of material should be 

defined as: 
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The modified model makes the calculated results tend 

to be more precise and reveals its energy meaning. 

Similarly, the distribution ratio can be assumed as 
 

2 2 2 2

2 2 3 3 2 2 3 3

   

       


 

e e J J

e e e e J J J J          (18) 

Therefore Eq(16), Eq.(18) and constitutive equations 

enable the notch tip stress and strain components to be 

calculated.  

6. Application Example 

The shape and dimensions of specimen are simplified 

as shown in Fig.5 and the material constants of LD5 

aluminum alloy are listed in table 1 

Table 1. Material Constants of LD5 Aluminum Alloy 

elastic modulus, E 68GPa 

shear elastic modulus, G 26GPa 

yield stress, σys 120Mpa 

yield strain, εy 0.004 

poisson's ratio, υ 0.3 

It is easily obtained that nF and n  can be 

calculated by the formula as follows: 

   
2 3

2
,   

d
 

 
 

 
nF n

F T

t d t
                    (19) 

where， =2.5n nF  , nF  is nominal stress under 

loading F, n is nominal shear stress, F is axial loading, 

D is cylinder radius，t is the depth of the notch, R is 

radius of notch and T is torque. 

The finite element method (FEM) has a widespread 

application in engineering because of its high precision 

and economy. Finite element model, boundary conditions 

and loading process, which directly affects the calculation 

of the degree of correctness and precision, should close to 

the actual situation of the project as much as possible, so 

that the results can be more accurate. Comparing with the 

eight-node hexahedral elements, the twenty- node 

hexahedral element, which is an advanced unit setting up 

on the basis of eight-node hexahedral elements using for 

the analysis of structure, is more suitable for high 

precision. In this paper, the ANSYS software is used and 

element unit is SOLID95. The stresses and strains can be 

read from ANSYS results(Fig.6 and Fig.7). 

 

Figuer6. Equivalent stress under multiaxial loading 
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Figuer7. Equivalent strain under multiaxial loading 

The stresses and strains can also be calculated by 

Neuber method, ESED method and modified model. The 

calculated results using above three methods are compared 

with the FEM results, and the comparison are shown in 

Fig.8 and Fig.9: 

 

Figuer8. comparison of stress between different methods 

 

Figuer9. comparison of strain between different methods 

Fig. 8 and Fig. 9 show the plots of the calculated and 

measured local stress and strain amplitude against the ratio 

of the average nominal stress S  to yield stress σ ys
 and 

2 23nF nS     . It is obvious from the figures that 

the results calculated by Neuber method are slightly larger 

than FEM results, namely Neuber method gives the upper 

limit of stresses and strains. However the results of ESED 

method are smaller than FEM results, that is, the lower 

limit can be got by ESED method. It can be found that the 

results of the two methods locate both sides of FEM 

results, and the results calculated by modified model are 

validated with the FEM results. As a consequent, the 

correction model can be applied to calculate the stresses 

and strains in the case of multiaxial loading. 

7. Conclusion 

It is easily obtained that the results calculated by the 

above three methods are the same in the case of elastic 

range; However both Neuber method and ESED method 

usually have large errors under proportional loading. In 

this paper, a new modified model is proposed on the basis 

of the analysis of difference between the two methods. The 

comparisons of the calculated results with FEM results 

show that the modified model can relatively 

accurately calculate the stresses and strains of 

notch tip and it is convenient for engineering 

application. 
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1. Introduction  

To meet the demands of new technologies, functionally 
graded materials (FGMs) are designed as systems that 
combine multiple and often significantly different 
materials into a single system.  

FGMs are multiphase materials in which the volume 
fractions of the constituents vary continuously as a 
function of position. Therefore, the mismatch of thermo 
mechanical properties near the bond line is minimized. 
Another application area of FGMs includes their use as 
interfacial zone between two different layers; they are also 
used to improve the bonding strength [1], and to reduce the 
residual stresses, interfacial delamination [2] and stress 
concentration or stress intensity factors (SIFs)[3,4]. 
Because of their outstanding advantages over conventional 
composites and monolithic materials, these materials have 
received a wide attention of engineers and researchers 
from different fields of interest. Kim and Paulino [5] have 
addressed a wide variety of FGMs applications. The 
research in FGM development requires the supports of 
engineering mechanics, especially in the field of fracture 
mechanics. Recently a wide variety of researches are 
focused on a nalysis of cracked FGM structures. For 
example, Nami and Eskandari [6,7] considered cracked 
FGM cylinders and solved them in different conditions of 
loading. 

Rotating discs are very common and useful parts of 
several engineering high speed rotating equipment such as 
compressors, cutters and grinding tools that are used 
extensively in the process industry today. Parallel to new 
industrial developments, it s eems that the use of 
conventional materials in rotating discs is inadequate. 

With the trend toward the analyses of cracked structural 
parts under centrifugal loading, much attention is being 
paid to investigate the strength and life of a rotating 
cracked disc. Unfortunately, the most studies are focused 
to homogeneous discs. For example, Tweed and Rooke [8] 
considered the homogeneous rotating disc with an edge 
crack, and Isida [9] considered it for a crack in an arbitrary 
position. The problem of three dimensional investigation 
of stress intensity factor in a cracked rotating impeller is 
considered by Nami and Eskandari [10]. A rigorous 
elastodynamic hybrid displacement finite element 
procedure for a s afety analysis of fast rotating discs with 
mixed mode cracks is considered by Chen and Lin [11]. 
Cho and Park [12] have investigated the thermoelastic 
characteristics of functionally graded lathe cutting tools. 
Zenkour [13] considered a rotating FGM sandwich solid 
disk with material gradient in the thickness direction for 
the analysis of stress and displacement.  

The problem of finite element analysis of thermoelastic 
field in a thin circular FGM disk with an exponential 
variation of material properties in radial direction is 
considered by Afsar and Go [14]. Sharma et al. [15] 
studied the thermoelastic displacements, stresses, and 
strains in a thin, circular, FGM disk subjected to thermal 
load by taking into account an inertia force due to rotation 
of the disk. Zafarmand and Hassani [16] obtained the 
elasticity solution of two-dimensional FGM rotating 
annular and solid disks with variable thickness.  

In the present paper, an internal crack at an arbitrary 
location of a thin hollow circular FGM disk is considered 
(Fig. 1). A comprehensive study is carried out for various 
combinations of the crack length (2a), direction, and 
location with the different gradation of materials. Here the 
eccentricity of the midpoint of the crack line is measured 
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as e an d the orientation of the crack line relative to x- 
direction is shown as β. 

2. Finite Element Formulation 

Consider a rotating FGM disk with a concentric 
circular hole containing an internal crack at an arbitrary 
position as shown in Fig. 1. The FGM disk is considered to 
be made of two distinct material phases, which are, 
respectively, represented by the dark and white colors as 
shown in the figure. The distribution of each material 
continuously varies along the radial direction. The radii of 
the hole and outer surface of the disk are designated by 

 and , respectively. Further, the angular 
velocity of the disk is denoted by .  

Figure 1. Rotating FGM disk containing an internal crack 

A finite element code can be used to account for spatial 
variation in material property of FGM disk. There are 
different ways of incorporating changes in material 
properties into a finite element program. Walter et al. [17] 
describe two commonly-used methods. An element base 
method where the desired spatial material property of each 
element based on i ts location is achieved through a finite 
element code. Another way is to compute the material 
property at each integration point for element stiffness 
matrix via the spatial varying in material property 
function. 

In this study, a finite element code is used to account 
for the material property changes in each element via its 
location. This section describes the details of the finite 
element formulation for stress and fracture analyses of 
FGM disk. The material is assumed to be isotropic with 
exponentially varying elastic modulus in radial direction as 
follows: 

  (1) 

Where  is the inner radius of the disk and  is the 
constants of material which defined as 

                    (2) 

Which  and denote the inner and outer 
radius of the disk, and  are the values of elastic 
modulus at the inner and outer radius of the disk, 
respectively. For a s imple traceable solution, the 

dependency to the Poisson’s ratio is neglected and it is 
assumed constant ( ) throughout the disk.  

The stress intensity factor for the disk is considered in 
the non-dimensional form and is defined as: 

In which  and   are the calculated values of 
the first mode stress intensity factors in right and left sides 
of the crack, respectively.  and   are the 
calculated values of the second mode stress intensity 
factors in right and left sides of the crack, respectively.  

The nominal stress intensity factor, , for FGM disk 
is used as:  

 (4) 

Where  is considered as:  

 
                       (5) 

 is the crack length,  and  being the material 
density and the peripheral speed, respectively. 

The eccentricity of the crack center is defined as:  

 
(6) 

and the dimensionless crack length is defined as: 

 
(7) 

The FGM disk, considered in the present study, is 
assumed to be fixed to a s haft. The outer surface of the 
disk is free from any mechanical load. Thus, the boundary 
condition of the problem can be given by: 

(i)  
(8) 

(i)  

3. Crack Tip Fields in FGMs 

Material non-homogeneity has a significant influence 
on SIFs, which, in turn, will influence subsequent crack 
trajectory [18]. Williams [19] proposed the Eigen function 
expansion technique to investigate the nature of the near-
tip fields in a two-dimensional crack body. An extension 
of this conventional procedure has been used by Eischen 
[20] to establish the general form of the stress and 
displacement fields near a crack tip in a nonhomogeneous 
material with a s patially varying material property. 
Eischen solved the problem for materials with continuous, 
bounded, and differentiable property variations. He 
showed that the asymptotic fields for a cr ack in an FGM 
with continuous mechanical properties are similar to those 
of a crack embedded in a homogeneous material. In 
addition, the asymptotic displacement expressions for the 
homogeneous materials can be used for FGMs on 
condition that the material properties are calculated at the 
crack-front location. Jin and Noda [21] further showed that 
this result is also valid for materials with piecewise 
differentiable property variation. 

A crack in a continuously non-homogeneous, isotropic 
and linear elastic FGM body with applied boundary 
conditions on the body satisfies the equilibrium equation: 
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(9) 

and the Hooke’s law is as (10): 

                     (10) 

Where  is the stress tensor,  is the body force 
tensor,  is the constitutive relation of FGMs and 

 is the strain tensor. The comma after a quantity 
denotes the partial derivatives with respect to spatial 
variable. 

As mentioned previously, for a s imple traceable 
solution, the functional dependence to the Poisson’s ratio 
is neglected and it is assumed constant throughout the 
analysis, thus Eq. (10) can be expressed as [19]: 

    
(11) 

Where ui is displacement component and  is the 
constitutive relation of corresponding homogeneous 
material and can be written as [22]: 

 
(12)    

here  denotes the Kronecker delta tensor. 

Since the nature of the stress singularity for 
continuously non-homogenous, isotropic and linear elastic 
solid is precisely the same as the well-known form 
applicable to homogeneous materials, irrespective of the 
particular form of the Young's modulus variation 
(Eischen,1987), the stress intensity factors can be obtained 
from crack-opening-displacements (CODs) as [22]: 

    (13) 

where ,  and  are opening, sliding and 
tearing modes of SIFs,  is the shear modulus at the 

crack front,  which approaches zero is a small distance 
between specified node at crack-surface and a n ode at 
crack-front, and  

 
 are the CODs in the 

local coordinate systems. 

4. The Validation of the Method 

4.1.1. Stresses in a Functionally Graded Strip 

To justify the reliability of the FGM model, the semi-
infinite functionally graded strip under the uniform tensile 
load (in the y-direction) has been considered in Fig. (2-a). 
Young’s modulus is an exponential function of z, i.e. 
 , while Poisson’s ratio is 

constant. 
 
Figure (2-b) shows the normalized  stresses for 

different levels of material gradation. These results agree 
well with those of Erdogan and Wu [23]. Thus, such 
excellent results validate the present FEM implementation 
for elastic FGMs. 

 

(a)                                 (b) 
 

Figure 2. (a) Finite-element model of uncracked functionally graded strip, (b) normalized  stresses for different levels of material 
gradation – uniform tensile far-field stress
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4.1.2. Edge Crack in a Plate 
Figure 3 shows an edge crack of length a located in a 

finite two-dimensional functionally graded strip under 
tension loading. As in the case of stress analysis of 
uncracked strip, the same form of material property 
gradation is considered. Table 1 compares the normalized 
SIFs of the current study with those reported by Chen et al. 
[21]. As can be seen in this table, the maximum difference 
is less than 2.25% when a/w=0.3 and E2/E=10. Thus, good 
agreement is obtained between the different solutions for 
both homogeneous and FGM cases. 

Table 1. Normalized stress intensity factors for an edge cracked 
FGM plate under tension. 

  a/W 
Method E2/E1 0.2 0.3 0.4 0.5 0.6 

Chen et 
al.[24] 

0.2 1.455  1.897 2.529 3.443 4.926 
1 1.408  1.698 2.178 2.933 4.237 
5 1.158  1.392 1.794 2.446 3.611 
10 1.032  1.249 1.614 2.223 3.337 

Current 
study 

0.2 1.455 1.915 2.539 3.442 4.880 

1 1.428 1.733 2.205 2.951 4.216 

5 1.182 1.430 1.826 2.472 3.603 

10 1.046 1.282 1.658 2.273 3.357 

Figure 3. A functionally graded semi-infinite strip containing an 
edge crack 

4.1.3. Arbitrary Crack in a Rotating Solid Disk 
Consider the homogeneous elastic rotating disk in 

figure 1 with no hole. The stress intensity factors for the 
right hand side of the crack at different positions of the 
solid disk are determined and compared with those 
reported by Isida [9]. The problem was solved by two 
different methods, i.e. the Displacement Correlation 
Technique (DCT) and the J-integral method. The results 
are shown in figures 4. As it can be seen from figure 4, the 
results agree well with those reported in literature by Isida 
[9].  

Figure 4. . Variation of the normalized  with  for 
 

5. Results and Discussion  

In this study, the stress intensity factors for two sides of 
an internal crack located at an arbitrary position of a 
rotating FGM disk with a concentric circular hole is 
determined. When the gradation of material is assumed 
radially, i.e. Eq. (1), it is obvious that 

 for . 

Therefore, the problem for both  and  in the 

range of  is solved and the results are 
plotted only for SIF in the right hand side of the crack. 
Figure 5 s hows the variation of normalized  with 

dimensionless crack lengths,  for different gradation of 

materials, i.e. when 

     
From Fig. 5, it is evident that for a certain value of  

in the range of , higher the gradation of 

materials, i.e. , higher the . An exception is seen 

only for radial cracks with  and . 

Variation of the normalized stress intensity factor for 
right hand side of the crack, i.e.  with  is plotted at 
figure 6a through 6d. Each curve is plotted for a certain 
value of material gradation and different values of 
dimensionless crack length, i.e., 0.1 to 0.5. As seen, 
for homogeneous materials, the larger the crack lengths 
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(larger ), the higher the values of . This result is 

valid for FGM disks with  

but the trend is apt to be reversed for higher values of  
 In other words, for FGM disks 

with , the smaller the crack 

lengths (larger ), the higher the values of  and 

this rule tends to be reversed for higher values of . 
This fact can be seen in figure 5, too. 

Figure 5. Variation of normalized  with  for different gradation of materials, i.e.   when  
 

 



 © 2014 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved - Volume 8, Number 1  (ISSN 1995-6665) 32 

Another interesting point for homogenous and FGM 

disks with  is that  for the crack tip 

which closer to the disk center is generally larger 
than . In other words, for FGM disks 

with ,  is smaller than .  In addition, 

it can be concluded from Figs. 6c-6d that as  

increased, there exists a v alue of  in which the is 
independent to the crack length. Here . This 

position for FGM disks with  occurs 
at .  It seems that these 
values are supplement. 

Figure 6. Variation of normalized  with  for different crack lengths,  and different gradation of materials, (a) homogenous material, 

(b) FGM with  = 2,  (c) FGM with =5 , (d)  FGM with  =20

The values of  in homogeneous and functionally 
graded discs for small and large cracks are plotted at Figs. 
7a and 7b. It can be seen from Figures 7a – 7b that for 

cracks in functionally graded discs with , 

maximum   occurs at , where the 
cracks are not in radial direction. Also, the minimum value 
of SIF occurs at left hand side of the crack in the position 
of  (radial crack). 

In addition, it can be concluded from Fig. 6a that small 

cracks in FGM disks with , have minimum 

value of SIFs at  and maximum values 

occur in radial cracks. For a w ide variety of crack 
positions in the range of  large cracks in 

functionally graded discs with , experience 

constant value of SIFs.  
So far, the stress intensity factors KI for the opening 

mode deformation have been discussed. On the other hand, 
the shear mode stress intensity factor KII are found to be 
rather small compared with KI of the corresponding crack 
tips. This fact may be attributed to the biaxial tension state 
of the untracked disk. Table 2 gives  values for the 

typical case when , and they are shown to be 
fairly small compared with the corresponding values 
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given in figure 5. Therefore, the shear mode deformation 
can be neglected in the fracture analysis of a rotating disk. 
Table 2. Values of  for  

   

 Ein/Eout 0.1 0.2 0.3 0.4 0.5 

 

0.2 0.0720 0.0728 0.0786 0.0903 0.1085 
1 0.0092 0.0159 0.0255 0.0390 0.0571 
5 0.0474 0.0311 0.0140 0.0050 0.0267 
20 0.0847 0.0587 0.0337 0.0084 0.0185 

Variation of normalized  with for different 
gradation of materials in cracks with constant length at 

is shown in figure 8. As seen, for cracks 
with , higher the material gradation, higher the 
values of . In other words, for cracks near the outer 

radius of the disk with , the values of  
decrease with increasing the gradation of material. Here 
the value of  can be considered as an important 
point in fracture analysis of rotating disks. 

Figure 7. Comparison of   in homogeneous and functionally 
graded materials for, (a) relatively small cracks (  (b) 
relatively large cracks (   

 
 

 

Figure 8. Variation of normalized  with for different 

gradation of materials, i.e.  in cracks 
with constant length at  

6. Summary and Conclusions 

In this study, the stress analysis of an internal crack 
located at an arbitrary position in a thin hallow rotating 
FGM disk is carried out. The disk is assumed to be 
isotropic with exponentially varying elastic modulus in the 
radial direction. A comprehensive study is carried out for 
various combinations of the crack length, direction, and 
location with the different gradation of materials. The 
results which are normalized for the advantage of non-
dimensional analysis show that the material gradation, the 
crack position and the crack length have a s ignificant 
influence on t he amount of stress intensity factors. The 
critical values of stress intensity factors and their position 
in homogeneous and FGM disks are obtained. The  larger 
the cracks, the larger the stress intensity factors in 
homogeneous disks. In general, this is not valid in FGM 
disks.  Numerical results are given to assess the safety of 
the FGM and homogeneous cracked disks.  

Acknowledgment 

The author gratefully acknowledge the supports of 
Abadan Institute of Technology, Petroleum University of 
Technology, Abadan, Iran. 

References 

[1] K. Kurihara, K. Sasaki, and M. Kawarada, “Adhesion 
improvement of diamond films”. In: M. Yamanouochi, M. 
Koizumi, T. Hirai, and I. Shiota (eds.), Proceedings of the 
First International Symposium on Functionally Gradient 
Materials, 1995 , 65-69. 

[2] Y.-D. Lee, F. Erdogan, “Residual/thermal stresses in FGM 
and laminated thermal barrier coatings”. Int. J. Fract., Vol. 
69, No. 2, 1995, 145–165.  

[3] F. Erdogan, “Fracture mechanics of functionally graded 
materials”. Compos. Eng., Vol. 5, No. 7, 1995, 753–770. 



 © 2014 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved - Volume 8, Number 1  (ISSN 1995-6665) 34 

[4]  J.-H. Kim, G.H. Paulino, “Isoparametric graded finite 
elements for nonhomogeneous isotropic and orthotropic 
materials”. J. Appl. Mech., Vol. 69, No.4, 2002a, 502–514. 

[5] J.-H. Kim, G.H. Paulino, “Finite element evaluation of mixed 
mode stress intensity factors in functionally graded 
materials”. Int. J. Numer. Method Eng., Vol. 53, 2002b, 
1903-1935.  

[6] M. R. Nami, H.Eskandari, “Three-Dimensional 
Investigations of Stress-Intensity Factors in a Cracked 
Cylinder Made of Functionally Graded Materials". Mech. 
Based Des. Struc. Int. J.,  Vol. 40, No. 2, 2012, 206-217.  

[7] M. R. Nami , H . Eskandari, “Three-dimensional 
investigations of stress intensity factors in a thermo-
mechanically loaded cracked FGM hollow cylinder”. Int. J. 
Pres. Ves. Pip.,Vol. 89, 2012, 222-229. 

[8]  D. P. Rooke, J. Tweed, “The stress intensity factor of an 
edge crack in a finite rotating elastic disc”. Int. J. Eng. 
Science, Vol. 11, 1973, 279-283. 

[9]  M. Isida, “Rotating disk containing an internal crack located 
at an arbitrary position”. J. Eng. Fract. Mech., Vol. 14, 1981, 
549-555. 

[10] M. R. Nami , H . Eskandari, “ Stress intensity facors in a 
rotating impeller containing semi-elliptical surface crack”. 
Mech. Based Des. Struc. Int. J., Vol. 40, 2012, 1-18. 

[11] W. H. Chen, T. C. Lin, “A mixed-mode crack analysis of 
rotating disk using finite element method”. J. Eng. Struct, 
Vol. 18, No. 1, 1983, 133-143. 

[12]  J. R. Cho, H. J. Park, “High strength FGM cutting tools: 
finite element analysis on thermoelastic characteristics”. J. 
Mater. Process Technol., Vol. 130-131, 2002, 351-356. 

[13]  A.M. Zenkour, “Stress distribution in rotating composite 
structures of functionally graded solid disks”. J. Mater. 
Process Technol., Vol.  209, 2009, 3511–3517. 

[14]  A. M. Afsar, J. Go, “Finite element analysis of thermoelastic 
field in a rotating FGM circular disk”. Appl. Math. Modeling, 
Vol.  34, 2010, 3309-3320. 

[15] J. N. Sharma, D. Sharma, S. Kumar , “Vibration analysis of a 
rotating FGM thermoelastic axisymmetric circular disk using 
FEM”. Int. J. Comp. Methods Eng. Science Mech., Vol. 14, 
No. 3, 2013, 262-270. 

[16]  H. Zafarmand, B. Hassani, “Analysis of two dimensional 
functionally graded rotating thick disks with variable 
thickness”. Acta Mech., Vol. 225, 2014, 453-464. 

[17] M.C. Walters, G.H. Paulino, R. H. Dodds, “Stress-intensity 
factors for surface cracks in functionally graded materials 
under mode-I thermomechanical loading”. Int. J. Solids 
Struct., Vol. 41, 2004, 1081-1118. 

[18] J.-H. Kim, “Mixed-mode crack propagation in functionally 
graded materials”. Ph.D. thesis, University of Illinoisat 
Urbana-Champaign, Illinois, 2003. 

[19]  M.L. Williams, “on the stress distribution at the base of a 
stationary crack”. J. Appl. Mech., Vol. 24, 1957, 109 -114,  

[20]  J.W. Eischen, “Fracture of non-homogeneous materials”. Int. 
J. Fract., Vol. 34, 1987, 3-22. 

[21] Z.H. Jin, N. Noda, “Crack tip singular fields in non-
homogeneous materials”. J. Appl. Mech., Vol.  6 1, No. 3, 
1994, 738 -740. 

[22]  C. Zhang, M. Cui, J. Wang, X.W. Gao, J. Sladek, V. Sladek, 
“3D crack analysis in functionally graded materials”. Eng. 
Fract. Mech., Vol. 78, No. 3, 2011, 585-604.  

[23]  F. Erdogan, B. H. Wu, “The surface crack problem for a 
plate with functionally graded properties”. J. Appl. Mech., 
Vol. 64, 1997, 449-456. 

[24] J. Chen, L. Wu, S. Du, “A modified J integral for 
functionally graded materials”. Mech. Res. Commun., Vol. 
27, No. 3, 2000, 301-306. 

 

 

 

 

 

http://www.tandfonline.com/action/doSearch?action=runSearch&type=advanced&searchType=journal&result=true&prevSearch=%2Bauthorsfield%3A%28Sharma%2C+J+N%29
http://www.tandfonline.com/action/doSearch?action=runSearch&type=advanced&searchType=journal&result=true&prevSearch=%2Bauthorsfield%3A%28Sharma%2C+D%29
http://www.tandfonline.com/action/doSearch?action=runSearch&type=advanced&searchType=journal&result=true&prevSearch=%2Bauthorsfield%3A%28Kumar%2C+S%29


JJMIE 
Volume 8 Number 1, February. 2014 

ISSN 1995-6665 
Pages 35 - 42 

Jordan Journal of Mechanical and Industrial Engineering  

Comparison between Taguchi Method and Response Surface 
Methodology (RSM) in Modelling CO2 Laser Machining 

 
Sivaraosa,* , K.R.Milkeya, A.R.Samsudina, A.K.Dubeyb, P.Kiddc 

aFaculty of Manufacturing Engineering, Universiti Teknikal Malaysia Melaka, 75450 Ayer Keroh, Melaka, Malaysia. 
bDepartment of Mechanical Engineering, Motilal Nehru National Institute of Technology, Allahabad 211004, U.P., India. 

cUES International Pte. Ltd., No 1 Jalan T.U.43, Taman Tasik Utama, 75450 Ayer Keroh, Melaka, Malaysia. 

Abstract 

The applications of Taguchi method and RSM to modelling the laser parameters when machining industrial PVC foams is 
presented. The influence of cutting speed, laser power, frequency, duty cycle, and gas pressure on k erf width has been 
considered in this investigation according to Taguchi method using a standard orthogonal array L27 and RSM using a central 
composite design. Taguchi technique as well as 3D surface plot of RSM revealed that the cutting speed is the most 
significant factor in minimizing kerf width followed by laser power and etc. A predictive mathematical model was then 
developed through a regression analysis in both analytical tools to study the response. Though both the techniques predicted 
near values of average error, the RSM technique seems to be more promising in predicting the response via mathematical 
modelling over the Taguchi technique.  
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1. Introduction  

Industrial PVC foams are widely used as a co re 
material in composite/sandwich for marine applications as 
they own low density with high moisture resistance values. 
PVC foams are closed-cell and have good physical 
properties as compared to other foams of similar density. 
On the other hand, laser advancements stand advantage to 
cut thermoset material with high level of precision and 
flexibility. Laser machining is one of the non-contact 
advanced processing techniques with narrow kerf in 
almost all categories of materials such as metals, non-
metals, ceramics and composites [1]. In polymer, it is 
complicated to identify the best parameters for machining 
the materials due to their poor thermal and physical 
properties compared to metals or ceramic [2]. 

The main challenge in laser cutting of materials is to 
select the most appropriate parameters. Laser power, 
cutting speed, frequency, duty cycle and gas pressure are 
the most important parameters for laser cutting depending 
on materials being cut. Effective parameters should be 
controlled to obtain a high quality of laser cutting. 
Determination of the parameters by classical experimental 
design methods requires a large amount of experimental 
data, which has been found costly and time consuming 
[3,4]. To overcome the difficulties, researchers applied 
DOE methods such as factorial design, Taguchi method 
and response surface methodology are now widely used in 

place of OFAT experimental approach. The response 
surface methodology approach was successfully used to 
investigate the laser cutting performance of medium 
density fibreboard [5]. In another investigation, the effect 
of assist gas pressure on quality of the cut CFRP material, 
namely pure oxygen, pure nitrogen and 50% oxygen - 50% 
nitrogen, central composite design (CCD) of RSM was 
successfully applied as an analytical tool [6]. RSM was 
also derived ironically to identify the effect of five factors 
on cut quality, namely kerf width, dross height and slope 
of the cut [7].  

Combining of RSM and Taguchi technique was used to 
developed mathematical model on surface roughness and 
power consumption [8]. The Taguchi method was used to 
find the optimal cutting parameters for laser machining 
[9]. An integrated approach whereby the combination of 
ANN technique and Taguchi’s algorithm was also used in 
optimizing the CO2 laser welding process to obtain the 
optimal setting [10]. An integrated investigation using 
Taguchi and principle component analysis in gaining best 
of kerf width, kerf deviation and kerf taper, where, pulse 
width and cutting speed was found very much influential 
to response [11]. Researchers also investigated a selection 
of cutting parameters towards cut quality on carbon fibre 
reinforced plastics (CFRP) composite and later optimized 
up to the desired response with RSM [12]. In a laser 
drilling investigation, machining parameters on recast 
layer and micro-crack formation were performed by means 
of Taguchi method [13]. Taguchi methodology was also 
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successfully applied for parameter optimization during 
micro-engraving of photo-masks. Five factors, each at two 
levels, were selected and the experiment was designed 
using L16 orthogonal array [14]. 

2. Experimental Details 

The Helius Hybrid 2514 CO2 laser beam cutting 
machine was used to conduct this experimental research. 
The investigated research work was conducted using H80 
industrial PVC foam as work materials with the density of 
80 kg/m3 and 20 m m thickness, supplied by marine 
composites industry, UES International Pte. Ltd. The kerf 
width 'responses' that were obtained after the experimental 
runs were observed by optical comparator with embedded 
digital micrometer with an accuracy of 1 micron, which 
allows easy access to measure both X-axis and Y-axis 
directions. The estimated values of kerf width are based on 
Equation 1:  

Upper Kerf Width Lower Kerf WidthKerf Width (mm)
2
+

=       (1) 

Preliminary experiments were critically designed and 
conducted to identify the design range for each tested 
process parameters. Thus, from the initial screening 
results, five parameters were identified significant, namely 
laser power, cutting speed, frequency, duty cycle, and gas 
pressure; they were found to be most influencing and 
correlated to the kerf width. Table 1 summarizes the 
constant values, whereas Table 2 summarizes the design 
parameters and their respective levels employed 
throughout the entire number of experimentations. 

 
Table 1.  Parameters setting for constant parameters 

S.O.D 
(mm) 

F.D 
(mm) 

Lens 
(mm) 

Nozzle 
Type 

Gas 
Selection 

Material 
Thickness 

(mm) 

1 0 7.5 Conical Nitrogen 20 

S.O.D: stand-off distance; F.D: Focal Distance  

Table 2.  Experimental design parameters and levels. 

Parameter Code Unit Level 
1 

Level 
2 

Level 
3 

Cutting 
Speed A mm/min 1800 1900 2000 

Laser Power B W 550 625 700 

Frequency C Hz 1700 1775 1850 

Duty Cycle D % 80.0 82.5 85.0 

Gas Pressure E Bar 1.5 2.0 3.0 

3. Analytical Tools 

3.1. Taguchi's Experimental Design 

The Taguchi method is a unique statistical 
experimental design approach that greatly improves the 
engineering productivity [15]. Taguchi suggests the 
production process to be applied at optimum levels with 
minimum variation in its functional characteristics. In 
general, the signal-to-noise (S/N) ratio (η, dB) represents 
quality characteristics for the observed data in the Taguchi 
method. S/N ratio is an index to evaluate the quality of 
manufacturing process. Here, the 'signal' represents the 

desirable value and the 'noise' represents the undesirable 
value, where signal to noise ratio expresses the scatter 
around the desired value. The experimental result should 
be transformed into the S/N ratios, mainly three types: 
smaller-the-better, nominal-the-best (Equation 2), and 
larger-the-better (Equation 3). In this case, lower values of 
the kerf width is desirable for maintaining high cut quality; 
hence smaller-the-better S/N ratio was computed based on 
Equation 4 as shown [16]: 

 
Table 3. Central-composite design (RSM) 

Standard Exp. 
Run 

Factor levels Response 

A B C D E 
Kerf width 

(mm) 

1 26 -1 -1 -1 -1 1 0.264 

2 21 1 -1 -1 -1 -1 0.451 

3 30 -1 1 -1 -1 -1 0.639 

4 15 1 1 -1 -1 1 0.476 

5 25 -1 -1 1 -1 -1 0.618 

6 12 1 -1 1 -1 1 0.499 

7 32 -1 1 1 -1 1 0.644 

8 6 1 1 1 -1 -1 0.475 

9 29 -1 -1 -1 1 -1 0.457 

10 28 1 -1 -1 1 1 0.471 

11 24 -1 1 -1 1 1 0.614 

12 19 1 1 -1 1 -1 0.822 

13 27 -1 -1 1 1 1 0.603 

14 10 1 -1 1 1 -1 0.518 

15 23 -1 1 1 1 -1 0.778 

16 8 1 1 1 1 1 0.528 

17 13 -1 0 0 0 0 0.604 

18 20 1 0 0 0 0 0.455 

19 2 0 -1 0 0 0 0.452 

20 5 0 1 0 0 0 0.513 

21 11 0 0 -1 0 0 0.546 

22 7 0 0 1 0 0 0.557 

23 17 0 0 0 -1 0 0.516 

24 4 0 0 0 1 0 0.653 

25 14 0 0 0 0 -1 0.553 

26 31 0 0 0 0 1 0.472 

27 3 0 0 0 0 0 0.602 

28 22 0 0 0 0 0 0.629 

29 9 0 0 0 0 0 0.611 

30 1 0 0 0 0 0 0.597 

31 18 0 0 0 0 0 0.519 

32 16 0 0 0 0 0 0.603 
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Where, yi is the observed data at the ith trial, and n is 
the number of trials of the same level with the aim of 
always keeping maximize of the S/N ratio. A parameter 
level corresponding to the maximum average S/N ratio is 
called optimum level for that parameter [17]. The 
predicted value of S/N ratio (ηopt) at optimum parameter 
levels is analysed by Equation 5 as follows [18]: 

( )1

k
opt mii

η η η η
=

= + −∑                                (5) 

Where,  is the average S/N ratio of all experimental runs, 
k is the number of control factors, and ηmi is the mean S/N 
ratio for ith control factor corresponding to optimum 
parameter level. S/N ratio calculated for optimum level as 
Equation 6: 

0 3 1

2 1 1

( ) ( )
( ) ( ) ( )

m m m

m m m

A B
C D E

η η η η η η
η η η η η η
= + − + − +
− + − + −

              (6) 

ηo is optimum S/N ratio, ηm is the overall mean of S/N 
values, ηA3 is the third level of cutting speed, ηB1 is the 
first level of laser power, ηC2 is the second level of 
frequency, ηD1 is the first level of duty cycle and ηE1 is 
the first level of gas pressure. According to the formula 
Equation 6, ηo was found as 9.126 dB. Some verification 
experiments are conducted at suggested optimum 
parameter levels to validate the predicted responses. The 
experiments are performed as per standard L27 orthogonal 
array and the analysed S/N ratio (η values) corresponding 
to each experimental run is given in Table 4.  
3.2. RSM Experimental Design 

Response surface methodology (RSM) is an analytical 
method that is commonly used to statistically justify the 
significance of the relationship between input variables 
(independent variables) to output variables (response). 
Statistical branch revolves around deriving information 
about the properties of random processes from sets of 
observed samples [19]. It is most helpful to construct a 
model which provides a mathematical representation of the 
given situation for most of the statistical based 
investigation [20]. In some system, the nature of the 
relationship between y and x values might be known. 
Then, a model can be written in the form [21]: 

( )1 2, ,.......... ny f x x x ε= +               (7) 

Where ε characterizes noise or error observed in the 
output y. If we signify the expected output as: 

( ) ( )1 2, ,............ nE y x x x y= =              (8) 

So the surface represented by: 

( )1 2ˆ , ,............. ny f x x x=                                           (9) 

In RSM, the experiments are performed using CCD 
matrix (for first-order response model factorial design 
matrix can be used, but due to lack-of-fit, first-order-
response model is avoided generally) to develop a second 
order response model as: 

2
1 1 2 2 11 1

2
22 2 12 1 2 1, 1

...

... ,
o

n n n n

Y b b X b X b X

b X b X X b X X− −

= + + + + +

+ +
            (10) 

where, Y is response and Xi are different factors. The 
regression coefficients bi can be computed by least-square 
method. Significance of factors and their interactions can 
be computed using statistical analysis. Using above 
response model optimum value of responses and optimal 
setting of parameters can be computed [22]. 

 
Table 4. L27 orthogonal array (Taguchi) 

Standard Exp. 
Run 

Factor levels Responses 

A B C D E KW 
(mm) ηKW (dB) 

1 2 1 1 1 1 1 0.430 7.341 
2 27 1 1 1 1 2 0.440 7.141 
3 12 1 1 1 1 3 0.452 6.897 
4 7 1 2 2 2 1 0.487 6.241 
5 25 1 2 2 2 2 0.483 6.312 
6 22 1 2 2 2 3 0.513 5.791 
7 4 1 3 3 3 1 0.587 4.627 
8 19 1 3 3 3 2 0.506 5.926 
9 20 1 3 3 3 3 0.637 3.924 

10 26 2 1 2 3 1 0.395 8.079 
11 10 2 1 2 3 2 0.428 7.381 
12 14 2 1 2 3 3 0.461 6.726 
13 21 2 2 3 1 1 0.381 8.393 
14 24 2 2 3 1 2 0.487 6.258 
15 1 2 2 3 1 3 0.451 6.926 
16 15 2 3 1 2 1 0.456 6.821 
17 5 2 3 1 2 2 0.480 6.375 
18 9 2 3 1 2 3 0.435 7.240 
19 18 3 1 3 2 1 0.352 9.069 
20 13 3 1 3 2 2 0.446 7.013 
21 17 3 1 3 2 3 0.391 8.168 
22 23 3 2 1 3 1 0.430 7.331 
23 16 3 2 1 3 2 0.492 6.161 
24 6 3 2 1 3 3 0.461 6.726 
25 8 3 3 2 1 1 0.423 7.473 
26 11 3 3 2 1 2 0.434 7.250 
27 3 3 3 2 1 3 0.391 8.168 

The observed data from the experimental runs were 
then fed into a co mmercially available analytical tool to 
analyse, optimize and establish a predictive mathematical 
model to estimate the kerf width. In this case, a half 
fractional factorial, with 5 factors, 10 axial points at the 
face, and 6 centre point, were used which gives a total of 
32 design point. The design, which is called a face-centred 
central-composite design, the axial point was then placed 
at the low and high values. Table 3 s hows the complete 
experimental design matrix, where the runs were 
randomized to avoid bias in response gain. The extreme 
right column shows the experimentally observed average 
reading of kerf width. 
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Kerf Width = 0.46 - 0.026*A + 0.023*B –  
0.011*C - 5.556E-005*D + 0.014*E –  
0.040*A*B – 0.016*A*C - 5.075E-003*A*E + 
0.027*B*C - 0.011*B*E +0.011*C*E + 7.250E-
003*D*E 
 

3.3. Analysis of Variance 

ANOVA is a computational technique to quantitatively 
estimate the contribution that each parameter makes on the 
overall observed response. ANOVA is accomplished by 
separating the total variability of the S/N ratios (SStot), 
which is measured by the sum of the squared deviations 
from the total mean S/N ratio into contributions by each of 
the parameters and the error: 

tot T ESS SS SS= +              (11) 

The total sum of square deviations from the total mean S/N 
ratio can be calculated as [23]: 

2

1
( )

tn

T i
i

SS η η
=

= −∑                                                         (12) 

where, η t is the total number of experiment trials, η i is the 
S/N ratio in ith trial in the OA and  is the total mean S/N 
ratio: 

1

1 tn

i
itn

η η
=

= ∑                                                                  (13) 

The sum of square due to parameter Q can be computed 
as: 

2

1
[ ]

k

QkQ Qk i
i

SS n η η
=

= −∑             (14) 

Subsequently, SST can be used to measure the relative 
influence of the process parameters on the response. The 
percentage contribution (ρ) of parameter Q can be 
calculated as: 

(%) 100Q

T

SS
SS

ρ = ×                                                (15) 

The final step in the optimization methodology is the 
verification of the improvement of the quality 
characteristic. For that purpose, a confirmation experiment 
should be carried out implying the (near) optimal levels of 
the control parameters. 

4. Results and Discussion 

4.1. Taguchi's Technique 

The response analysis, represented by graphs in Figure 
1, indicates the change in response when a g iven factor 
varies from lower to higher level. Figure 1 represents the 
main effects plot for the mean value of kerf width against 
cutting speed, laser power, frequency, duty cycle, and gas 
pressure. It can be seen that greater laser power and duty 
cycle give a better kerf width. This phenomenon is 
witnessed probably due to an increase of the incident laser 
power absorbed by the work materials. On the other hand, 
it was experiencing inverse effects for cutting speed over 
the kerf width. The effect of the cutting speed is correlated 
by the fact that, as the cutting speed increases, the 
interaction time between the laser beam and work 
materials distorts. 

 

200019001800

0.50

0.48

0.46

0.44

0.42

700625550 185017751700

85.082.580.0

0.50

0.48

0.46

0.44

0.42

2.52.01.5

Cutting Speed

M
e

a
n

 o
f 

K
e

r
f 

W
id

t
h

, 
m

m

Laser Power Frequency

Duty Cycle Gas Pressure

Main Effects Plot for Means
Data Means

Figure 1. Main effects plot of design parameters over kerf width 

The effect of various factors at different levels for 
responses kerf width is shown in Table 5. The optimum 
parameter level for minimum value of kerf width is 
A3B1C2D1E1. Tabulated in Table 5, the optimal 
combination of the parameters for the kerf width could be 
achieved by using a cutting speed of 2000 mm/min, laser 
power of 550 W, frequency of 1775 Hz, duty cycle of 80 
%, and gas pressure of 1.5 Bar. The ANOVA table of the 
S/N ratio for the kerf width as shown in Table 6 clearly 
indicates that, the influence of cutting speed has the 
greatest effect (43.65 % contribution) on t he kerf width, 
followed by the laser power (24.98 % contribution), and 
duty cycle (20.87 % contribution). However, the other 
parameters are least significant effect (3.98 % - 6.52 % 
contribution) compared to earlier. 

4.1.1. Regression Analysis 
The second-order response surface representing the 

kerf width can be expressed as a function of cutting 
parameters such as cutting speed, laser power, frequency, 
duty cycle and gas pressure. From the observed data for 
kerf width, the response function has been determined in 
coded factors units as: 

 
                                                                          

(16) 
                                                                                      

                                                                                                                                     
  

4.2. RSM Technique 

The influence of cutting speed, laser power, frequency, 
duty cycle and gas pressure was investigated through the 
modelling stages. The analysis of variance (ANOVA) for 
kerf width of Industrial PVC foam is shown in Table 7. 
This analysis was carried out for level of confidence not 
less than 95 % which is a criteria to be set into RSM.  

Table 7 pr esents the ANOVA for kerf width. The 
significance of the model is revealed according to the F-
value of 5.15 model. There was only a probability of 0.11 
% of noise in this "F-Value model". If the values of 
"Probability > F", and if they are lesser than 5 % (0.05), 
then the model is said to be sound; thus, A, B, D, AC, AD, 
BD, and BE are considered as excellent model terms. In 
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case that the values are greater than 0.1 (10 %), the model 
terms are said to be insignificant and impractical to be 
considered. The "Lack of Fit F-value" of 2.28 reveals that 
lack of fit, related to the pure error, is not significant. In 
this case, since, the intention here is to fit the model, it is 
good to have an insignificant lack of fit.  

The cutting speed and laser power are two parameters 
affecting the kerf width. According to Figure 2(a), higher 
cutting speed at lower duty cycle gives a smaller kerf 
width due to a less interaction time. On the other hand, 
Figure 2(b) reveals that frequency is inverse proportional 
to the kerf width. Hence, the greater the cutting speed, the 
higher the frequency and the smaller kerf width is 
attainable. It should be noted that the effect of duty cycle 
slightly decreases the kerf width, while, laser power is 
inverse to that effect as its correlation is clearly visible in 
Figure 2(c). Therefore, it can be summarized that 
combination of lower side laser power and higher side 
duty cycle produces better kerf width. The lower laser 
power and gas pressure, it is then more favourable for kerf 
width, as shown in Figure 2(d). It is clearly evident that 
kerf width increases with laser power as the laser beam 
energy mainly depends on laser power. High laser power 
generates high thermal energy, which produces higher kerf 
width in return. 

Table 5. S/N ratio response 

Source Factors 

S/N ratios (dB) 

Delta Rank Level 
1 

Level 
2 

Level 
3 

A Cutting speed 6.022 7.133 7.484a 1.462 1 

B Laser Power 7.535a 6.682 6.423 1.112 2 

C Frequency 6.892 7.047a 6.700 0.346 5 

D Duty cycle 7.316a 7.003 6.320 0.996 3 

E Gas pressure 7.264a 6.646 6.730 0.617 4 
aOptimum parameter level 
 
Table 6. ANOVA for S/N ratio 

Source df SDG MS F-
Value 

Contribution 
(%) 

A 2 0.0316 0.0158 11.862 43.65 

B 2 0.0181 0.0090 6.788 24.98 

C 2 0.0029 0.0014 1.082 3.98 

D 2 0.0151 0.0075 5.671 20.87 

E 2 0.0047 0.0024 1.771 6.52 

Total 26 0.072  

df: degrees of freedom; SDG: sum of square; MS: mean square
           

                     (a)                                                                                 (b) 

                                     (c)                                    (d) 

Figure 2.  3D surface of kerf width model; (a) effects of cutting speed and duty cycle, (b) effects of cutting speed and frequency, (c) effects 
of laser power and duty cycle, and (d) effects of laser power and gas pressure. 
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Kerf Width = 7.769 – 0.0028*A – 0.0080*B + 0.0099*C – 0.3360*D + 2.7906*E – 9.17E-08*A*B - 
4.22E-06*A*C + 1.28E-04*A*D - 3.54E-04*A*E - 4.02E-06*B*C + 2.18E-04*B*D -   1.01E-03*B*E 
+ 5.67E-06*C*D + 1.17E-04*C*E - 0.0210*D*E 

4.2.1. Mathematical Modelling 

The models for the quality of cut were developed to 
evaluate the relationship of laser cutting parameters to the 
kerf width. Through these models, experimental results of 
kerf width by any combination of machining parameters 
can be estimated. From the factor of interaction (2FI) 
behaviour of model, the polynomial equation implied 
several process parameters as Equation 10. The developed 
mathematical models are listed below in terms of actual 
factors. Equation 17 is for the prediction of kerf width. 
Optimization is carried out by finding the desirability 
value in Table 8, which shows a part of the result 
generated. The optimum condition is when kerf width 
equals 0.278 that can be achieved when machining at 
cutting speed of 1800 m /min, laser power of 550 W , 
frequency of 1700 H z, duty cycle of 80 % , and gas 
pressure of 2.5 Bar. This optimum condition is not similar 
with the one obtained using Taguchi method. This may be 
due to a small number of data that caused the misleading 
of the result. Therefore, it is recommend that the RSM 
(CCD) be used to obtain an accurate optimization 
condition. 

 
 

     

4.3. Experimental Validation 
Experimental validation is the final step in the 

modelling process to investigate the accuracy and 
robustness of the established model. Thus, in order to 
verify the capability of the developed regression model 
and RSM model, five randomly picked validation 
experiments were carried out within the range of explored 
experimental parameters. Table 10 presents the 
experiments order, the actual values, the predicted values 
and their deviations (percentage errors) for Taguchi 
regression model as well as Table 9 for RSM model. It is a 
common practice for a n onlinear process, if the average 
error deviation is less than 15 %, then the optimization can 
be considered valid for the model to be accepted. The final 
analysis involves comparing the predicted values of the 
established model with experimentally validated values; it 
was found that the average error was below 15 % , 
confirming and concluding the methodology in 
establishing the model was systematic in performing this 
scientific research. The Taguchi method revealed the error 
was 14.61 %, meanwhile the RSM showed 8.93 %. 

 
(17)

Table 7.  ANOVA table for kerf width (RSM). 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Table 8. Optimization using desirability criterion. 

No. A B C D E Kerf Width Desirability  

1 1800 550 1700 80.0 2.5 0.278 0.976 Selected 

2 1800 554 1700 80.0 2.5 0.280 0.971  

3 1800 550 1700 80.8 2.5 0.289 0.956  

Source Sum of Square 
Degrees of 

 freedom 
Mean Square F Value P Value 

Model 0.21 15 0.014 5.15 0.0011 

A 0.044 1 0.044 16.17 0.0010 

B 0.035 1 0.035 13.02 0.0024 

C 0.0008 1 0.0008 0.30 0.5905 

D 0.014 1 0.014 5.19 0.0368 

E 0.008 1 0.008 2.99 0.1030 

AB 0.000008 1 0.000008 0.003 0.9584 

AC 0.016 1 0.016 5.96 0.0267 

AD 0.016 1 0.016 6.07 0.0254 

AE 0.005 1 0.005 1.86 0.1920 

BC 0.008 1 0.008 3.04 0.1006 

BD 0.027 1 0.027 9.88 0.0063 

BE 0.023 1 0.023 8.51 0.0101 

CD 0.00002 1 0.00002 0.007 0.9358 

CE 0.003 1 0.003 0.11 0.7405 

DE 0.011 1 0.011 4.11 0.0597 

Residual 

Lack of fit 

Pure Error 

0.043 

0.036 

0.007 

16 

11 

0.003 

0.003 

5 

 

2.28 

0.001 

 

0.1872 

Cor Total 0.25 31  
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Table 9.  Experimental validation (RSM) 

Table 10.  Experimental validation (Taguchi) 

5. Conclusion 

The experiment reveals the high level of interest in 
comparing Taguchi and RSM to predict response in laser 
non-linear process. Normally, there is a l ack of 
comparative studies concerning the performance of the 
optimization techniques; in other words which method 
would be better for a given optimization problem. Both 
analytical tools are outstanding at developing 
mathematical modelling in laser processing. However, 
RSM is more promising due to its giving very low average 
error towards modelling and experimental validation. The 
desirability criterion available in RSM will easily help 
users to determine the optimum condition. Significance of 
interactions and square terms of parameters are more 
clearly predicted in RSM. The RSM shows significance of 

all possible combinations of interactions and square terms 
as depicted in Table 5. Taguchi technique is normally used 
in linear interactions only. This is due to the fact that in 
Taguchi design, interactions between controls factors are 
aliased with their main effects. 3D surfaces generated by 
RSM can help in visualizing the effect of parameters on 
response in the entire range specified whereas Taguchi 
technique gives the average value of response at given 
level of parameters (Figure 1 a nd 2). Thus RSM is a 
promising analytical tool to predict the response which 
suits the range of parameters studies. 
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Abstract 

Reliability analysis is one of the important constituent parts of elevator safety evaluation. In order to obtain the exact value of 
fault probability of components in elevator system, by combining fuzzy theory with Bayesian network approach, we 
proposed a reliability analysis method of multi-state system based on fuzzy Bayesian networks. By expanding the traditional 
two-state Bayesian network to multi-state system, multi-state Bayesian network model of horizontal vibration of elevator is 
established. The language variable of the root probability is transformed into triangular fuzzy numbers under different states. 
After equalization, defuzzification and normalization, the precision probabilities can be gotten and then introduced to the 
multi-state Bayesian network model. The posterior probability and the probability importance degree of various root nodes 
are calculated with multi-state Bayesian network algorithm. The result can provide quantitative evaluation for the reliability 
of multi-state horizontal vibration of the elevator. Compared with the fuzzy fault analysis method based on T-S, the method 
we proposed is valid. 
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1. Introduction* 

The elevator’s vibration is one of the important 
indicators of measuring the quality of the elevator [1]. 
With the increase of high-rise buildings and the speed of 
elevators, elevator vibration will exacerbate [2]. Studies 
have shown that the horizontal vibration of the elevator 
has a linear relationship with its running speed [3]. Lots of 
factors can cause horizontal vibration of the elevator, 
mainly including manufacturing and fixing errors of rail, 
the guide wheel shape of the rolling guide shoes, the static 
equilibrium of the car and the change of passenger load, 
hoist way overall and hoist way airflow, the car speed [4]. 

Currently, the elevator fault diagnosis methods mainly 
include fault diagnosis method based on fault tree, fault 
diagnosis method based on expert system, fault diagnosis 
method based on artificial neural networks, fault diagnosis 
method based on information fusion, and so on. Zong et al. 
[5] proposed a fault diagnosis method of elevator based on 
fault tree expert system and established the fault diagnosis 
model of the elevator system and expert knowledge, thus 
solving the problem of obtaining expert system knowledge 
and poor integrity of knowledge. The literature [6] used 
the method of combining fault tree and expert system to 
improve the diagnosis accuracy in the elevator fault 
diagnosis. Zong et al. [7] applied BP neural network to 
solve the problem of traditional expert systems and 
achieved good results in the failure of the elevator. Li et al. 
[8] applied the information fusion technology to 
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equipment fault diagnosis according to the multi-
information characteristics of electrical fault diagnosis, 
improving the accuracy and reliability of fault diagnosis. 
Although these methods have a very good application 
prospects in the elevator system fault diagnosis and 
reliability analysis, their applications are limited because 
of the complicated calculation process. 

In recent years, many methods of system reliability 
have been proposed and applied with the development of 
reliability theory, such as reliability block diagram 
analytical method [9], fault tree analysis method [10], 
binary decision diagram analytical method [11], 
importance analysis method of fuzzy fault tree based on T-
S model [12], and Bayesian network analysis methods [13-
14]. Bayesian network, proposed by Pearl in 1988, can 
express and analyze the uncertainty of information well 
and bi-directional reasoning of reliability of the system can 
be achieved. BN can describe polymorphism of events and 
non-deterministic logical relation, so it has a very good 
application in reliability, fault diagnosis and other fields 
[15-16]. Meanwhile, Bayesian network based on 
probability theory and graph theory has both solid 
mathematical foundation and intuitive semantics, which is 
an effective model to express the knowledge of uncertainty 
and the theory of reasoning [17]. Bayesian network not 
only has strong modeling capabilities, but also has a strong 
inference mechanism. With the complex of Bayesian 
network model, inference algorithms [18] tends to be 
perfect and simple and can solve well the probability 
problem of each node in Bayesian network model. 

The multi-state fuzzy Bayesian network is applied to 
the elevator system. Because it is difficult to obtain the 
exact probability of each factor causing horizontal 
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vibration of the elevator, it is obtained through the method 
of group decision-making with the help of the expertise. 
Then the expertise is transferred into triangular fuzzy 
function to obtain precise priori probabilities of BN nodes. 
At last, the important factors are gotten, causing the car 
horizontal vibration. 

2. Multi-State Bayesian Network Overview 

Bayesian network, BN for short, is a graphical network 
based on probabilistic inference. BN is composed of a 
DAG (directed acyclic graph) and certain CPT 
(conditional probability tables). The directed graph is 
called DAG (directed acyclic graph) if the directed graph 
cannot be from one point to the original point after a 
number of edges. DAG consists of representative variable 
node and directed edges connecting these nodes, in which 
nodes present variables and directed edges represent the 
relationship between variables. DAG describes the 
network structure of BN, which is the qualitative part. CPT 
is a table indicating the number dependence relationships 
of probability between the variable and its parent node, 
which describes network parameters of the BN, so it is 
quantitative section. According to the Bayesian formula, 
the definition of the conditional probability is given: 
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APABPBAP =                                               (1) 

Where P(A) is priori probability; P(A/B) is posterior 
probability; P(B/A) is likelihood ratio. 

If A is a multi-state variable having the states of 
( naaa ,,, 21  ), the definition of the total probability 
formula is: 
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An obvious advantage of Bayesian network is 
bidirectional inference ， i.e. causal reasoning and 
diagnostic reasoning. Causal reasoning is deduced from 
the priori probability to posterior probability that means 
that results are deduced by the reason. The process of 
diagnostic reasoning is contrary to that of causal 
reasoning. The probability of the working network can be 
calculated through bidirectional reasoning when any one 
or more of the variable nodes are given because the node 
variable of Bayesian network is independent. Then the 
probability of any one or more fault nodes can be 
calculated through the reverse inference when the network 
is fault, which can diagnose the weak link of the network. 
Bayesian network uses bucket elimination algorithm [19] 
to conduct the causal inference of network and uses 
Bayesian formula to conduct diagnostic reasoning, thus 
achieving bidirectional inference of Bayesian network. 

   According to the chain rule, when BN has many 
nodes nXXX ,,, 21  , the joint distribution is: 

∏
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Therefore, the complex BN can be simplified and 
disassembled with the help of conditional independence 
among variables nodes.  

3. Multi-State Bayesian Network Model of Horizontal 
Vibration of the Elevator 

Multi-state system is divided into discrete multi-state 
system and continuous multi-state system. This thesis 
mainly discusses discrete multi-state system. For example, 
a system has normal operating state, degraded working 
condition and completely failed state. Usually 0, 1, 2 a re 
used to represent the three states.  
3.1. Modeling Steps 

Bayesian networks analyze various causes of fault 
(network nodes) from part to whole, from bottom to top, 
which are dendrites. First, we determine the network 
nodes, the root node of the network represents the basic 
event of the system and the leaf node represents the 
system. Then we identify discrete systems and multi-states 
of system components. Finally, the probability of each 
state of component is given. Since the probability of each 
state of component is difficult to obtain, it is  obtained 
through a language variable given by the expertise. The 
directed arc of Bayesian network represents the 
dependency relationship between variables, and 
probability distribution table shows the dependence degree 
between variables. Then priori probability information and 
sample knowledge are combined.  
3.2. Modeling Construction 

Many factors can affect the horizontal vibration of the 
elevator, but the present article considers and analyzes the 
factors from the aspects of guidance system and car 
system. Guidance system consists of guide shoes, guide 
rails and rack components.  
3.2.1.  Each Node of the Model 

Various factors affecting the horizontal vibration are 
mainly analyzed from the following two aspects: (1) 
Guidance system: the guide wheel shape of rolling guide 
shoe, surface profile of elevator guide rail, the installation 
quality of elevator guide rail, and (2) Car system: static 
equilibrium of the car and the load size of the passenger. 
Each influence factor can be seen as the root node of the 
Bayesian network. The surface profile and installation 
quality of elevator guide rail are quality problem of the 
guide, which can be seen as an intermediate node. The 
horizontal vibration of the elevator can be seen as the leaf 
node of the network. 
3.2.2. Logical relationships between Nodes 

Logical “and” relationships are between surface profile 
of elevator guide rail and quality of the installation of the 
elevator guide rail and between static equilibrium of the 
car and the load size of the passenger. Each factor will lead 
to the occurrence of the above event. Logical “or” 
relationships are between the guide wheel shape of rolling 
guide shoe and the problem of guide quality and between 
guidance system and the car system. Each factor has three 
states. For example, the surface profile of the guide has 
three different states: the ideal state with small roughness, 
the normal state with the roughness within a reasonable 
range and large roughness having a s erious impact on 
horizontal vibration. 
 



 © 2014 Jordan Journal of Mechanical and Industrial Engineering. All rights reserved - Volume 8, Number 1  (ISSN 1995-6665) 
  

45 

3.2.3. The Model of Horizontal Vibration of Elevator 
under the Influence of Guidance System and Car System 

The Bayesian network model of elevator horizontal 
vibration is established based on the logical relationship 
between the factors. 

The root nodes 1X ， 2X ， 3X ， 4X  and 5X , 
respectively, represent the surface profile of the elevator 
guide rail, the installation quality of the elevator guide rail, 
the guide wheel shape of the rolling guide shoe, the static 
equilibrium of the car, and the load size of passenger. 1A
， 2A  and 3A  are used respectively to signify guidance 
system, car system and the quality of guide rail. T 
represents the leaf node. Each node has three states that are 
shown by using state space { }2,1,0 . 0 represents the 
normal state, 1 represents semi-fault state, and 2 represents 
completely failed state. According to the dependencies 
between nodes, directed arcs are used to connect root node 
with leaf node to indicate the relationship between parent 
and offspring. Then the status space of all nodes and the 
conditional probability of the intermediate node are 
determined. Bayesian network model of horizontal 
vibration elevator is shown in Figure 1. The conditional 
probability tables of the node are omitted due to the 
limited space. 

X1 X2

A3 X3

A1

X4 X5

A2

T
 

Figure 1. The Bayesian network model of horizontal 
vibration of elevator 

4. The Analysis of Multi-State Bayesian Network 
Model of Horizontal Vibration of Elevator 

4.1.  Fuzzy Approach 
The horizontal vibration factors are often in a variety of 

fault conditions in the elevator. The different fault 
conditions are interrelated and mutually transformed in the 
process of fault change. Fault state is often manifested as 
“this and that” state. In other words, it is fuzzy. The 
presence of ambiguity makes it difficult to obtain an exact 
probability value of each state. For example, the 
installation quality of the elevator guide rail may change 
when the surface profile of elevator guide rail changes. 
Thus, it is difficult to determine the installation quality of 
the elevator guide rail. Here, a fuzzy number is used to 
process this condition. The forms of fuzzy numbers are 

various, such as a triangular fuzzy number, a trapezoidal 
fuzzy number, a rectangular fuzzy number and an irregular 
shaped fuzzy number. The triangular fuzzy number is used 
to represent the probability of occurrence because the 
reference function of the triangular fuzzy is more 
convenient to handle and algebra is relatively easy. A form 
of membership function of the triangular fuzzy number is 
the following: 









>
−
−

≤
−
−

=
mx

mb
xb

mx
am
ax

x
),,0max(

),,0max(
)(µ                                      (4) 

Therefore, the triangular fuzzy number can be 
represented by three parameters: “ a ”, “m” and “b” 
denoted by ),,( bma . For two triangular fuzzy numbers 

),,( 111 bmaA =  and ),,( 222 bmaB = , the 
algorithm   [20] is the following: 

The sum of two numbers:     

),,( 212121 bbmmaaBA +++=⊕                          (5) 

I

 A precise number K exists, then:  

),,( 111

k
b

k
m

k
a

k
A
=                                                              (6) 

The result is gotten through group decision-making 
approach with the help of expertise under the condition of 
not being able to obtain exactly the state probability of 
event. In order to connect judging result of event 
probability given by expert with fuzzy number, we 
introduce seven language variables [21] of “very high”, 
“high”, “on the high side”, “secondary”, “on the low side”, 
“low”, “very low”. Table 1 is the corresponding relation 
between language variable and fuzzy number. Figure 2 is 
the membership function of triangular fuzzy numbers.

 

 
Table 1. Semantics value of event occurring probability and 
corresponding triangular fuzzy 

Sequence 
number Semantics value triangular fuzzy 

number 

1 
2 
3 
4 
5 
6 
7 

very high 
high 
on the high side 
secondary 
on the low side 
low 
very low 

（0.9，1.0，1.0） 
（0.7，0.9，1.0） 
（0.5，0.7，0.9） 
（0.3，0.5，0.7） 
（0.1，0.3，0.5） 
（0，0.1，0.3） 
（0，0，0.1） 
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Figure 2. Membership function of triangular fuzzy number

   The information of expertise is transformed into a 
fuzzy number expressed by a triangular fuzzy number 
through the above method. 

4.2. The Probability Importance of Multi-State 
Bayesian Network: 

Four experts estimate occurring probability of each root 
node in each state in horizontal vibration of elevator. They 
have been working in the elevator industry for many years 
and know the affecting factor of the horizontal vibration of 
elevator well. Language variable is gotten by the experts 

independently. In the evaluation process, the experts 
should consider comprehensively the using environment, 
production quality and frequency of failures in recent years 
of the various components. And the language variable of 
the same node given by different expert is different 
because every expert has a different opinion considering 
their familiarity, the extent grasping or human factors. 
Then the language variable is transformed into a fuzzy 
probability. The language variables of the expert and the 
corresponding fuzzy number are shown in Table 2. 

Table 2.Experts’ opinion of root nodes in different states 

Root node  Expert 1 Expert 2 Expert 3 Expert 4 

X1 

0 high 
(0.7,0.9,1.0) 

very high 
(0.9,1.0,1.0) 

high 
(0.7,0.9,1.0) 

high 
(0.7,0.9,1.0) 

1 low 
(0,0.1,0.3) 

very low 
(0,0,0.1) 

low 
(0,0.1,0.3) 

very low 
(0,0,0.1) 

2 very low 
(0,0,0.1) 

low 
(0,0.1,0.3) 

on the low side 
(0.1,0.3,0.5) 

low 
(0,0.1,0.3) 

X2 

0 high 
(0.7,0.9,1.0) 

on the high side 
(0.5,0.7,0.9) 

on the high side 
(0.5,0.7,0.9) 

secondary 
(0.3,0.5,0.7) 

1 on the low side 
(0.1,0.3,0.5) 

on the low side 
(0.1,0.3,0.5) 

low 
(0,0.1,0.3) 

low 
(0,0.1,0.3) 

2 low 
(0,0.1,0.3) 

low 
(0,0.1,0.3) 

on the low side 
(0.1,0.3,0.5) 

very low 
(0,0,0.1) 

X3 

0 very high 
(0.9,1.0,1.0) 

very high 
(0.9,1.0,1.0) 

very high 
(0.9,1.0,1.0) 

high 
(0.7,0.9,1.0) 

1 very low 
(0,0,0.1) 

very low 
(0,0,0.1) 

low 
(0,0.1,0.3) 

very low 
(0,0,0.1) 

2 very low 
(0,0,0.1) 

low 
(0,0.1,0.3) 

low 
 (0,0.1,0.3) 

low 
 (0,0.1,0.3) 

X4 

0 high 
(0.7,0.9,1.0) 

on the high side 
 (0.5,0.7,0.9) 

high 
(0.7,0.9,1.0) 

secondary 
(0.3,0.5,0.7) 

1 on the low side 
(0.1,0.3,0.5) 

low 
 (0,0.1,0.3) 

low 
 (0,0.1,0.3) 

very low 
 (0,0,0.1) 

2 low 
(0,0.1,0.3) 

very low 
 (0,0,0.1) 

on the low side 
 (0.1,0.3,0.5) 

on the low side 
 (0.1,0.3,0.5) 

X5 

0 on the high side 
(0.5,0.7,0.9) 

very high 
(0.9,1.0,1.0) 

secondary 
(0.3,0.5,0.7) 

on the high side 
 (0.5,0.7,0.9) 

1 low 
(0,0.1,0.3) 

on the low side 
 (0.1,0.3,0.5) 

very low 
 (0,0,0.1) 

very low 
 (0,0,0.1) 

2 very low 
(0,0,0.1) 

low 
 (0,0.1,0.3) 

on the low side 
 (0.1,0.3,0.5) 

low 
 (0,0.1,0.3) 
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According to Table 2, the language variable of root 
node 2X , which is the probability of the state of 0 given 
by the first expert, is transformed into fuzzy 

probability )0.1,9.0,7.0(~1
20 =P . 

In order to transform the experts’ opinion into a 
relatively reasonable fuzzy probability, four experts’ 
evaluation results are synthesized by using arithmetic 
average method. Average formula of fuzzy probability of 
the root node iX （ 1=i ，2，3）in the state of j  is:   

),,(
4

~ '''
421

'
ijijij

ijijij
ij bma

PPP
P =

⊕⊕⊕
=


           (7) 

According to formula (7), the fuzzy probability mean 
of the root node in each state is shown in Table 3.  
Table 3.: Fuzzy probability of the root node in different states 

Fuzzy 

probability 

State j 

0 1 2 

'
1

~
jP

 
（0.75,0.925,1） （0,0.05,0.2） （0.025,0.125,0.3） 

'
2

~
jP

 
（0.5,0.7,0.875） （0.05,0.2,0.4） （0.025,0.125,0.3） 

'
3

~
jP

 
（0.85,0.975,1） （0,0.025,0.15） （0,0.075,0.25） 

'
4

~
jP  (0.55,0.75,0.9) (0.025,0.125,0.3) (0.05,0.175,0.35) 

'
5

~
jP  (0.55,0.725,0.875) (0.025,0.1,0.25) (0.025,0.125,0.3) 

 
In order to transform fuzzy probability into exact 

probability, we use “mean area method” [22] to resolve the 
ambiguity of fuzzy probability. The exact probability of 
the root node iX in the state of j is 

 

4
2 '''

' ijijij
ij

bma
P

++
=                                     (8)

             

 

   According to formula (8), the exact probability mean 
of each root node in different states is shown in the Table 
4. 
Table 4. The exact probability of each root node in different states 

Fuzzy  
probability 

State j 

0 1 2 

'
1 jP

 
0.9 0.0750 0.14375 

'
2 jP

 
0.69375 0.2125 0.14375 

'
3 jP

 
0.95 0.0500 0.1 

'
4 jP

 
0.7375 0.14375 0.1875 

'
5 jP

 
0.71875 0.11875 0.14375 

 
In order to make the sum of the probability of the root 

node in various states be one, we conduct “normalization” 
on exact probability of the root node in various states. 

After the normalization, the exact probability of root 
node iX  in the state of j is: 

∑
=

= 2

0

'

'

j
ij

ij
ij

P

P
P                                                                   (9) 

   According to the above formula, the exact probability 
mean of each root node in different states is shown in 
Table 5.  
Table 5. After the normalization, the exact probability of each 
root node in different states 

     Fuzzy 
probability 

State j 
0 1 2 

jP1  0.804469 0.067039 0.128492 

jP2  0.660714 0.202381 0.136905 

jP3  0.863636 0.045455 0.090909 

jP4  0.690058 0.134503 0.175439 

jP5  0.732484 0.121019 0.146497 

The probability of intermediate nodes and leaf nodes in 
different states can be calculated through priori 
probabilities of the root node in various states obtained by 
the above method and the known conditional probability. 
According to Bayesian formula, we use the bucket 
elimination method to calculate the posterior probability of 
the root node in various states. 

   The probabilities of leaf node in different states are 
gotten by algorithms of multi-state BN. 

=0TP 0.739, =1TP 0.131, =2TP 0.130. And then the 
probability of the root node in various states is obtained 
when the leaf node T is in different states, which is shown 
in Table 6.  
Table 6.The posterior probability of different root nodes 

T 0 1 2 

X1 
0 
1 
2 

0.862 
0.047 
0.091 

0.577 
0.186 
0.237 

0.708 
0.059 
0.233 

X2 
0 
1 
2 

0.708 
0.174 
0.118 

0.474 
0.385 
0.141 

0.581 
0.178 
0.241 

X3 
0 
1 
2 

1 
0 
0 

0.667 
0.333 
0 

0.285 
0.015 
0.700 

X4 
0 
1 
2 

0.753 
0.107 
0.140 

0.458 
0.311 
0.231 

0.568 
0.111 
0.321 

X5 
0 
1 
2 

0.799 
0.091 
0.110 

0.486 
0.312 
0.202 

0.603 
0.100 
0.297 

Importance degree is a quantitative index of reflecting 
the influence of each component on t he top event in the 
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reaction system. According to different conditions, the 
importance degree has many definitions. Structural 
importance degree, probability importance degree and key 
importance degree are applied widely in practical 
production. In addition, importance degree can make the 
quantitative analysis of the safety and reliability of the 
system, which is important in systematic reliability. 

Among them, probability importance degree reflects 
the role of basic event to the top event. And it can compare 
the importance of various events in the system [23]. When 
the state of multi-state system isε , probability importance 
degree formula of the component j  is: 

j

M

j

j M

XI

XI

j

∑
== 1

Pr

Pr

)(

)( τ

τ
ε

ε

                            (10) 

Where jM represents the non-zero state total number 
of the component j , )(Pr

jXIε  represents the evaluation 
of probability importance degree under the system state of 
ε  when the component j  is in different state. 

The value of probability importance degree can be 
calculated by the above formula (10). 

303.0)( 1
Pr

1 =XI ， 192.0)( 2
Pr

1 =XI ，

480.0)( 3
Pr

1 =XI ， 238.0)( 4
Pr

1 =XI ，

259.0)( 5
Pr

1 =XI  

5. The Comparison with the Fuzzy Fault Analysis 
Based on T-S 

T-S probability importance degree is calculated on the 
basis of T-S importance degree calculation method 
proposed by the literature [12] when the state of the top 
event is 1. It is shown in the Table 7. 
Table 7. T-S probability importance degree of fuzzy probability 
when the fault states of the essential event are 1 and 2 

Probability 

 importance  

Fault state 

1 2 

)( 1
Pr

1 XI  0.362422 0.241162 

)( 2
Pr

1 XI  0.248564 0.134755 

)( 3
Pr

1 XI  0.957160 0 

)( 4
Pr

1 XI  0.302467 0.171630 

)( 5
Pr

1 XI  0.336677 0.179992 

 

The formula 
j

k

i

i
jT

jT k

XI

XI

j

j

j

q

q ′
=
∑

′

=1

)(Pr

Pr

)(

)(  is 

used, where jk ′  means the number when the part j  is in 

the fault degree of 1 a nd 2. jk ′  is two because the fault 

degree is described by fuzzy 0,1,2. 
The probability importance that is the basic event 1X  

to top event T is gotten by generally considering T-S 
probability importance of the basic event 1X  in the fault 
condition 1 and 2. 

302.02/)]()([)( 2
1

Pr
1

1
1

Pr
11

Pr
1 =+= XIXIXI

Similarly, T-S probability importance of each basic event 
is available. 

302.0)( 1
Pr

1 =XI , 192.0)( 2
Pr

1 =XI ,

479.0)( 3
Pr

1 =XI , 237.0)( 4
Pr

1 =XI ,

258.0)( 5
Pr

1 =XI  
The comparison of results calculated by two different 

methods is shown in Table 8. 
Table 8. Comparison between the probability importance degree 
calculated by this method and T-S probability importance degree 
calculated by the fuzzy fault analysis method 

The results  

Classification 

probability 
importance degree 
calculated by this 
method 

T-S probability 
importance degree 
calculated by the 
fuzzy fault analysis 
method 

)( 1
Pr

1 XI  0.303 0.302 

)( 2
Pr

1 XI  0.192 0.192 

)( 3
Pr

1 XI  0.480 0.479 

)( 4
Pr

1 XI  0.238 0.237 

)( 5
Pr

1 XI  0.259 0.258 

The following conclusion can be gotten. 
(1) The calculation results obtained through T-S 

fuzzy fault tree analysis are similar to that with 
the method proposed by the author, which 
verifies the correctness of the result that is 
calculated by the above method. The important 
order of each basic event is 

24513 RRRRR >>>> . 
(2) When we use T-S fault tree analysis to calculate 

we can only calculate the probability in 
accordance with the structure of T-S fuzzy fault 
tree one by one from the bottom event to the 
higher event until the top event. This approach 
will generate a lot of calculations and can not be 
bidirectional inference, while the Bayesian 
network is not only simple operation and 
analysis but also can be bidirectional inference. 
Therefore, the Bayesian network is more suitable 
for engineering application. 

 

6. Conclusion 

The triangular fuzzy number instead of language 
variable is used to describe the component fault 
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probability, which solves the problem that the exact value 
of fault probability is difficult to obtain. Defuzzification of 
the fuzzy probability is conducted by using “mean area 
method”, so the fuzzy information contained in operation 
is removed. The quantitative analysis and calculations of 
the system is realized, and the analytical results obtained 
are more clearly.  

Currently Bayesian network in the elevator system 
reliability analysis is relatively limited. The application of 
Bayesian networks is expanded by combining fuzzy theory 
with Bayesian network. The importance degree of many 
factors affecting the elevator horizontal vibration is 
obtained by the importance analysis, and then the elevator 
is maintained and checked according to the importance 
degree. This can not only improve the reliability of the 
normal operation of the elevator, but also improve the 
maintenance efficiency. 

Failure logical relational among components is 
determined. How to consider the ambiguity of failure 
probability and the uncertainty of failure logical relational 
among components will be the further research focus when 
failure logical relational is uncertainty. 
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