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Abstract 

Computation of Forces and Torques  

A. Fatsis a,  A. Panoutsopoulou b, N.Vlachakis a 

ersity of Chalkis, Department of Mechanical Engineering, 34400 Psachna, E

lenic National Defence Systems S.A., 1, Ilioupoleos Avenue, 17236, Greece 

 

Forces and torques acting on each individual blade and on the shaft of a centrifugal impeller with splitter vanes working at 
off-design conditions, are computed by using the pressure integration and the momentum balance method. Two cases are 
examined simulating the operation of a centrifugal compressor at higher mass flows than the optimum one: the first where the 
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hal number, 146.0=rS , corresponds to subsonic flow inside the impeller and the second one where the Strouhal
er, 225.0=rS , corresponds to transonic flow inside the impeller.  For the first case, the variation of forces is more
ct in the circumferentia ion where the volute tongue is located. For the second case a bimodal distribution is
ved per impeller rotation. Calculations done for impellers with backward leaned blades and with radial ending blades
nstrate the influence of the impeller exit geometry to the radial force. 
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Superscripts 

bl Blade 
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Subscripts 

m ridian 

ps Blade or splitter pressure side 

r R

re R

ss Blade or splitter suction side 
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hen centrifugal compressors work at off-design 
nditions, the volute type collector creates a 
rcumferentially non-uniform static pressure distribution 
 the diffuser exit. In case of a vaneless diffuser, the 
ressure distortion propagates upstream and creates 
nsteady flow inside the impeller, [1]. This results to a 
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circumferential variation of the blade loading and 
fluctuating forces acting on the impeller blades. A first 
consequence is a non-zero radial force on the impeller 
shaft and extra load on the bearings. It also means 
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surfaces of the impeller [10]. There is no analysis of the 
different contributions to the radial force, because the 
pressure integration method they used can only give the 
total force and not its components.  The prediction of the 
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2. Unsteady Flow Computations 

pplied is well documented in 
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ady flow and forces in the rotating blade passages 
ing in blade vibrations and additional noise. This 
ses losses and decreases the operating range of the 
ressor. 
itially researchers experienced the existence of radial 
s exerted on the shaft of centrifugal pumps when they 
ted at mass flows different from the design one 
se of failure of the bearings supporting the impeller 

.  Experimental determination of the magnitude 
direction of radial forces acting on the bearings 
rting the impeller shaft was done by measuring the 

ng reaction [3]. At lower specific speeds there is a 
vely large flow rate range over which the minimum 
 is essentially constant. For higher specific speeds the 
 force has a minimum almost at a single point. 
ting on both sides of that point, the rate of increase 
 radial force is high. This means that for high specific 
s, a small deviation from the design point is 
ient to create large radial forces, and accordingly a 
radial thrust on the bearings of the impeller shaft. 
oint corresponding to the minimum radial force does 
ecessarily correspond to 100% design flow rate 
se the design of the volute may produce 

mferentially uniform static pressure at higher or lower 
flow rates, [3].  
he effect of the number of blades on the magnitude of 
adial force was studied experimentally, [4]. It was 
 that the magnitude of the radial thrust of the seven-
d impeller is larger than the one of the three-bladed 
ller. On the contrary, the fluctuating range doubles in 
ase of the three-bladed impeller compared to the 
-bladed impeller.  
pirical investigations were also attempted to 

ate the magnitude 
cal data and volume flow rates or the specific 

 for pumps [5,6,7]. All these empirical methods, 
ing incompressible flows, even though present 

actory results for the series of pumps that were 
ed, fail to provide a universal equation for all types of 
fugal pumps or compressors. 
 simple numerical model to compute the radial force 
d by a volute casing acting on a pump impeller at 
n and off-design conditions was presented [8]. It was 
uded that the magnitude of the predicted force 
ses linearly on either side of optimum mass flow. 
r discrepancies are observed at higher mass flows 
t design point, than at lower mass flows. A simple 1D 
ady model was presented, able to predict the impeller 
nse and radial force due to the circumferential static 
ure variation caused by the volute, [9]. The model is 
able for incompressible flows and assumes a 

mferentially constant relative outlet flow angle. This 
 contrast to experimental observations, where 

mferential variations in the relative outlet flow angle 
measured. 
alculations of forces acting on blades and on the 
ler shaft bearing were also done assuming 2D 
tial flow inside the impeller. The forces on blades 
found by integrating the pressure field on the solid 

agnitude and direction of the forces shows a complete
iscrepancy with experimental results, [6]. This fact 
nderlines the need of a fully unsteady model to
vestigate numerically the impeller response.  

Two-dimensional unsteady flow numerical models are
so found in the literature, aiming to study the centrifugal 
peller response due to outlet static pressure distortion, 

y solving the 2D incompressible Navier Stokes equations
d the 2D Euler equations respectively [11,12]. In both

udies no information is given on the radial force
agnitude and direction, neither on the contributions to
is force. One of the limitations of 2D methods is that the
ree dimensional effects, which are present in the real 
ow inside a centrifugal impeller, are ignored.  

A 3D numerical method was developed in order to
udy the unsteady flow field inside the impeller due to a 
rcumferential variation of the static press

ller outlet, for the case of full-bladed impellers, [13]. 
he present study is an original contribution and the
cond part and an extension of the article of the same 
thors entitled ‘‘Numerical modelling of a turbocharger
litter-vaned centrifugal impeller at off-design conditions. 

art I: Impeller flow field’’. The present article describes a 
ethod to predict forces acting on impeller blades, as well
 radial force on the impeller shaft. Computations are 

erformed for centrifugal impeller with splitter vanes,
aving backward leaned blades for lower and higher mass 
ows. The contributions to the forces are analysed and 
mmented for impellers for backward leaned blades and
r impellers with radial ending blades. Results obtained 
ow that the predicted direction of the radial force is in
reement to experimental observations. 

2.1. Unsteady flow model 

The numerical model a
[1,13] and only a summary of it will be given here.  

The numerical model used to analyse the unsteady 
peller flow field consists of the 3D Euler equations.

dopting the Euler equations means that the viscous terms 
om the full Navier-Stokes equations are neglected, and 
e transport of momentum and energy in the fluid is done

nly by means of convective fluxes. This means that
iscous areas of the flow such as boundary layers 
eveloped along solid wall boundaries or wakes 
ownstream the blades cannot be evaluated accurately by 
eans of the present method. Since viscous forces are

eglected, this implies that the considered model is not 
alid at relatively low rotational speed. Using the Euler 
uations compressible rotational flow, steady or unsteady 

ow fields can be calculated.  This simplification results in
 affordable computer time and gives useful information

n the dynamics of the flow in the case where the impeller
 not heavily loaded and flow separation is limited. The
odel was validated for the case of full-bladed centrifugal
peller, showing fairly good agreement against available
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experimental results in the literature and predicting the 
unsteady flow features that are in agreement with 
experimental investigations, [1]. 

The 3D Euler equations in non-dimensional form are 
writte
(r,θ,z

n in conservative form in cylindrical coordinates, 
) as follows: 
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e term, defined in detail in [1]. The 

conservative formulation of 
accurate treatment of flow
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offeri accuracy in smooth grids, [1].  
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the equations allows the 
 discontinuities such as shock 

s in th w field. 
e space discretization of the equations, centred in 
, is done by means of the finite volume technique, 
ng second order spatial 

artial differential equations are written in a semi-
te form as follows: 
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where R


 are the residuals of the equations. The
Runge-Kutta four steps scheme, providing second order 
accuracy n-l
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 for no inear partial differential equations and 
sive stability limits up to a CFL number of 2 2⋅ , 
sed for the time integration, offering a second order 
acy for non-linear problems. Extensive testing o
od in special test cases for which analytical solutions 
 has demonstrated the accuracy of this scheme for 
ady flow predictions, [2]. The time step used for the 
ady flow calculations is a constant one; it relates the 
onal speed of the impeller to the number of grid 
s in the circumferential direction and it satisfies the 
ity limits of the CFL condition. 
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in detail in [13] where the numerical scheme was 
presented in detail. 

The model was validated for the cases of full-bladed 
and splitter-vaned centrifugal impeller, showing fairly 
g
th edicting the unsteady flow features 
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[1

 
d
p  
splitter v
sp
la
u
A
p
th
m
sl
p  
d  
F  
d
F
an
re
co  
[1

u  
o

litter suction and 
re side and on the hub and shroud walls) by 

dering only the static pressure when computing the 
ctive fluxes. At the inflow and outflow boundaries, 
eflecting boundary conditions based on the Fourier 

position, were used, [13]. Non-reflecting boundary 
tions suggest infinitely long pipes upstream and 
stream of the impeller and it is shown in [13] that the 
on is not affected by the upstream location of the 
 boundary. Since the outflow static pressure is not 

rm along the circumference, this means that as the 
ler rotates, a virtual point attached at the trailing edge 
iences different values of the static pressure 
ghout a full rotation, which consists the period of the 
menon. Phase-lagged periodicity conditions were 
to simulate this non-uniformity and to compute the 
s through the upstream and downstream streamlines. 
e 1 shows a meridional (r-z) projection, a blade-to-
(θ-z) projection and a 3D view of the H-grid used for 
calculations. The points in axial, radial and 
mferential position were uniformly distributed and the 
er vane was put between two full blades. The 
stency and stability analysis of the method are given 

ood agreement against available experimental results in 
e literature and pr

h are in agreement with experimental investigations
].  
The blade-to-blade projection of the computational

omain is shown in Figure 2. Continuous lines indicate the 
ressure side of a full blade and the suction side of a

ane and dashed lines the pressure side of the 
litter vane and the suction side of the full blade. Phase-
gged periodicity conditions are used to update the 
pstream and downstream stagnation pseudo-streamlines 
B, CD and EF, GH, respectively, [14]. Implementing 
hase-lagged periodicity conditions, data obtained from 
e same rotation, as well as data stored in the computer 
emory from the previous rotation have to be used. This 
ows down the convergence to a periodic solution. The 
oints along the pseudo-streamlines upstream and
ownstream of the splitter vanes (namely KL, MN in
igure 2) are treaded as interior points of the numerical
omain and simple continuity of the fluxes is imposed. 
rom the same figure it can be observed that the upstream 
d downstream extension of the computational domain is 
duced. This is due to the non-reflecting boundary 
nditions that used for the inflow and outflow boundaries,
]. 
The acoustic Strouhal number can characterize 

nsteady compressible flows. It is defined as the product
f the reduced frequency and the Mach number: 

c

Lf
r
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where L  is the length of a blade passage, whereas 
the number of rotations per second times the number of 
pertu  
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rbation waves around the circumference and c is the
eed of sound. 
It relates the time needed by a pressure wave to travel a

istance L, at the 
essure perturbation  1/f.  Unsteady effects are small for

r < 0.1 and the flow can be evaluated by means of steady
lculations. For Sr > 0.1 accurate results can be obtained

nly by means of unsteady flow calculations. 

.2. Convergence of the time accurate calcula

Computations of the unsteady flow field have a
e the converged solution of the steady state case,

here the static pressure at the impeller outflow is 
rcumferentially uniform. Figure 3 shows the converged 
story of the time-dependent calculations. In such flows
nvergence is achieved when the circumferential

istribution of a flow variable repeats itself after a rotation 
f the impeller. 

From this fig
sed static pressure circumferential distribution (which 

peats itself over a rotation of the impeller) has a saw
oth profile. This is a typical static pressure distribution 
r the case of higher mass flows and it is in agreement
ith experimental results [12]. Such a profile can be also
btained by using a 1D flow model, [9].  
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The calculated static pressure distribution at the leading 

edge shows decreased amplitude with respect to the 
imposed distribution. This is due to the time needed for a 
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This ry 
conditions at the inlet and outlet boundaries [1].  

3. Computation of Forces 

3.1. General Formulations 

system is used to define the 

xis is from the shaft centre 
y-axis perpendicular to 

it. (F
 

an
p

im

tion to p
uence of the way the phase-lagged periodicity 

tions are implemented. Information obtained at 
ous rotation is used when calculating the flow at the 
nt one. Consequently, the results of the first rotation 
artly influenced by the steady state solution and it 
 several rotations before the unsteady flow is fully 
lished everywhere. The static pressure profiles at 
g and leading edge are distorted by the pressure 

 reflections in the impeller.  
gure 4 shows relative Mach number iso-lines in a 
-to blade development of the hub, mean and shroud 
ces of the impeller for transonic flow inside the 

 and 0.225rS = . This figure comes by 
toring the blade channel of Figure 2 during one 
lete rotation of the impeller. Since the flow field is 
ady, monitoring annel of Figure 2 during 
otation, one will observe different flow patterns and if 
one full rotation is completed, he will find back the 
l flow conditions. The Mach number variations at the 
d streamsuface are more pronounced than the ones at 
ub streamsurface. Waves due to the exit static 

ure distortion have to travel a longer path at hub than 
oud. In the later streamsurface the transonic region 
 to the leading edge suction side of the blade heavily 
nces them. The upstream-propagated static pressure 
tion cannot pass through the transonic flow regime 
 to shroud suction surface and reflects downstream as 

pression wave interacting with incoming pressure 
. The variations in Mach number indicate variations 

tic pressure and in blade loading during one period of 
henomenon. One can also see that the inflow and 
w boundaries are located close to the impeller.  

was made possible by using non-reflecting bounda

A Cartesian coordinate 
forces and torques acting on each individual blade and on 
the impeller shaft. The x-a
towards the volute tongue, and the 

igure 5). 
Two methods have been used to compute the forces

d torques resulting from the outlet circumferential static 
ressure distortion. 

  The first one integrates the pressure over the whole 
peller surface. 
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ou te to 
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The second one is the momentum balance method. This 

ingle blade because the momentum balance 
ives the forces acting on the whole channel and not on 
ch surface. The total force F


 is given by: 
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 j, k run from suction to pressure
b to shroud, respectively. The flow velocity and 

 pressure at each circumferential position are the ones 
ed from the computation of the unsteady flow field 

iven impeller position. 
oth methods predict different forces when applied to 
me geometry using the results obtained with a coarse 
consisting of  43*11*11 points. Repeating both 
lations on a finer grid having 86*15*15 points shows 
t identical results, which are close to the ones 

rid, Figure 6. Similar results, but non shown in this paper,
e obtained from the calculation of the Torque around the
is of the impeller, the torque around the y-axis and the
ial force acting on the impeller. One can conclude from
is that the momentum balance method is more sensitive
 the grid density than the pressure integration method.  
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Figure 4:  Iso-Mach lines for the hub, mean and shroud streamsurfaces of the impeller. 

Figure 6: Radial force computation using the pressure integration 
me
types of gr

 
 

Figure 5:  S
and to
 
 
 
 

ystem of coordinates used to calculate forces 
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thod and the momentum integration method for two different 
id density. 
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Although the momentum balance method does not 
allow the calculation of forces on individual blades, it 
allows the evaluation of the individual contributions to the 
radial force. This is important in the context of an 
experime
the fl
answ
static
circu
varia
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It results in a decrease of the radial force. The inlet 
flow distortion also results in a non negligible contribution 
to the radial force. 

3.4. Influence of the impeller geometry 
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 radial force can be 
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ntal definition of the radial forces in function of 
ow quantities at the impeller inlet and outlet. It can 
er the question whether it is sufficient to integrate the 
 pressure distortion over the impeller outlet 
mference or if one should also account for the 
tion in radial and tangential velocity. 

orces calculations at higher mass flows and different 
hal numbers 

. Strouhal number 0.146 corresponding to
flow inside the impeller. 

Here, the circumferentia
force acting on a single blade, and the torque around the z-
axis of the impeller will be p

ned by monitoring one blade during one impeller 
on.  
e circumferential variations of the axial force, radial 

 acting on a single blade and the torque around the z-

is figure, one can see that there is a significant 
tion of the above forces and torques close to the 
e region (which corresponds to 33o) due to the peak 
e circumferential variation of static pressure. In 
ns of smooth variation of the static pressure, theses 
ities vary smoothly as well.  

. Strouhal number 0.225 corresponding to transonic 
nside the impeller 

The axial force, radial force acting on a single blade 
and the torque around z-axis

n in Figure 8.  From these figures, one can see 
here is a bimodal variation of the above forces and 
e as a result of the pressure waves reflected at the 
g edge, travelling twice upstream and downstream 
peller during one rotation. This was also observed 

e case of full-bladed centrifugal impeller operating at 
r than optimum mass flows and a similar value of the 
tic Strouhal number, [1]. The two waves per rotation 
even more clearly visible because the waves were not 
rbed by reflections at the leading edge of the splitter 
. The amplitude of the variation for the axial force, 

l force and torque is larger than for the case of 
146.0  discussed previously. 

higher and lower mas

=rS
3.3. Calculations at 

In Figure 9 one can see the direction and magnitu  of 
idual components of the radial force in the case of 

r (continuous lines) and lower (dashed lines) than 
n mass flow. The radial force vectors are for both 
 in agreement with the experimental results, [16]. For 
mass flows, the largest contribution to the radial force 
 one resulting from the outlet static pressure. The 

 component due to non-uniform outlet radial 
entum is much smaller and in the opposite direction, 

as concluded from the experimental data in [17].  

The influence of the impeller geometry on the radial
rce is illustrated by comparing previous results with 

those on an impeller with radial ending blades, [1]
The difference in contribution to the
ained by means of Figure 10. The increase or decrease 

f the relative velocity is due to the disequilibrium 
etween the pressure rise by the impeller and the i

t pressure. In case of a backward leaned impeller any
crease in relative velocity, because of a decrease in outlet

ressure, provokes a decrease of tangential velocity and as 
consequence a decrease in pressure. As a result, the

isequilibrium between the imposed and impeller outlet
atic pressure gets smaller. This corrective action results
 a smaller change in radial velocity and the 
rcumferential variation of the radial momentum, which is 

roportional to 
2
2  

fo
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in  

v
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RV , and its contribution to the radial

rce is smaller. 
The pressure rise in radial ending impellers is less

ependent of the radial velocity because it does not 

volve a variation in 2Θ , so that the change in radial

elocity and radial momentum, for a given pressure 
ange, is much larger. 
The different contributions of the tangential momentum 

 the impeller outlet can also be explained. The increase 
 rad

V

ial velocity, due to a local decrease in static pressure,
sults in a decrease of the tangential velocity for

ackward leaned blades as indicated on Figure 10a. As a
nsequence, the product 22 Θ⋅⋅⋅ VSVmρ  is almost 
nstant along the periphery. The contribution of the 
ngential momentum to the ra l fo c  hus negligible 
r backward leaned impellers. 
In case of radial ending blades, an increase in mass

ow does not alter the tang

co
ta dia r e is t
fo

 
fl ential component of the 

ab

F

solute velocity 2ΘV  (dotted line velocity triangle in 

igure 10b). The uct 22 Θ⋅⋅⋅ VSVmprod ρ  is not 

nstant along the periphery be  changes. 

he outlet tangential momentum is therefore not uniform
rcumferentially, resulting in a significant contribution to
e force. Its direction is almost perpendicular to the radial
omentum force. 
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In the present s
torques on individual centrifugal splitter-vaned

peller blades was presented. The total force acting on 
e impeller is obtained by adding the forces on all blades
d the hub surface.  
In the case of a sh
r and outer side of the shroud should also be

tegrated. The latter is not predicted by the Euler solver 
ut can be obtained by a suitable model, e.g. [15]. 
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Figure 7:  Circumferential variation of Axial Force, Radial Force and Torque around the impeller axis, for  corresponding 

to subsonic flow inside the impeller. 
 146.0=rS

 
Figure 8:  Circumferential variation of Axial Force, Radial Force and Torque around the impeller axis, for  corresponding 

 

 225.0=sS
to transonic flow inside the impeller. 
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mass flows, and dashed lines cor  mass flows. 

 
Figure 9:  Components of radial force in s lines correspond to higher 
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 10:  Components of Radial Force in an impeller with backward leaned (continuous lines), and radial ending blades (dashed lines)
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Figure 11:  Difference in tangential and (b) radial ending blades 
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